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Abstract. We consider the category of smooth W / (fc)[GL n (_F)]-modules, where 
F is a p-adic field and k is an algebraically closed field of characteristic I dif- 
ferent from p. We describe a factorization of this category into blocks, and 
show that the center of each such block is a reduced, ^-torsion free, finite type 
W-^fcJ-algebra. Moreover, the fc-points of the center of a such a block are in 
bijection with the possible "supercuspidal supports" of the smooth fc[GL n (_F)]- 
modules that lie in the block. Finally, we describe a large explicit subalgebra 
of the center of each block and a description of the action of this algebra on 
the simple objects of the block, in terms of the description of the classical 
"characteristic zero" Bernstein center of IBDI . 



1. Introduction 

The center of an abelian category is A the endomorphism ring of the identity 
functor of that category. It is a commutative ring that acts naturally on every 
object of A, a fact which often allows one to approach questions about A from a 
module-theoretic point of view. 

One spectacular success of this approach is due to Bernstein and Deligne |BDj . 
who computed the centers of categories of smooth complex representations of p- 
adic algebraic groups. The center of such a category is called the Bernstein center. 
Bernstein and Deligne give a factorization of this category into blocks, known as 
Bernstein components, as well as a simple and explicit description of the center of 
each block, which is a finite type C-algebra. In particular they showed that the 
C-points of the Bernstein center were in bijection with the supercuspidal supports 
of irreducible smooth complex representations. 

The results of |BD] made it possible to give purely algebraic proofs of theorems 
about smooth representations that previously could only be proven via deep results 
from Fourier theory; Bushncll-Hcnniart's results about Whittaker models in |BH] 
are an example of this approach. 

In recent years there has been considerable interest in studying smooth repre- 
sentations over fields other than the complex numbers, or even over more general 
rings. To apply similar techniques in such a setting one needs to understand the 
centers of categories of smooth representations over or Z^ (or even over Z) . Some 
progress along these lines was made by Dat |Dlj : in particular he was able to give 
an explicit description of the center of the category of smooth representations of a 
p-adic algebraic group G over Z^, for £ a banal prime; that is, for I prime to the 
order of G(W P ). 
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More recently Paskunas |Paj has studied the center of a category of represen- 
tations of GL2(Q P ) over F p ; his results allow him to characterize the image of the 
Colmcz functor. 

We fix our attention on the category Rep w ^(GL n (F)) of smooth representa- 
tions of GL n (F), where F is a p-adic field, over a ring of Witt vectors W(k), for k 
an algebraically closed field of characteristic £ different from p. We obtain a factor- 
ization of this category into blocks that parallels the Bernstein decomposition over 
C. This description is closely related to the decomposition due to Vigneras |V2) of 
the category of smooth representations of GL n (F ) over k; in both decompositions 
the blocks are parameterized by inertial equivalence classes of pairs (L,tt), where L 
is a Levi subgroup of GL„ (F) and 7r is an irreducible supercuspidal representation 
of L over k. 

Let ^4[z,,7r] be the center of the block of Kep w ^ (GL ra (F)) corresponding to (L, n). 
We obtain a description of ^.[l.tt] as a concrete subalgebra of the endomorphism 
algebra of a certain projective object. When £ > n this yields a completely explicit 
description of A^ L ^\, but the description falls short of being totally explicit for 
small I. In spite of this, for all £ ^ p we are able to construct a subalgebra C[l,7t] 
of ^4[L,7r] such that ^4[L j7r ] is a finitely generated Cr^ ^-module, and give a simple, 
concrete description of C[£. w j. Indeed, after making certain choices we obtain an 
isomorphism: 

C [LM =W{k)[Z] w ^\ 

where Z is a certain finitely generated free abelian subgroup of the center of L, 
Wl(it) is the subgroup of the Weyl group of GL„(F) consisting of elements w such 
that wLw^ 1 = i, and ir w is inertially equivalent to it. In particular it follows that 
-^[L,7r] and C[i,7r] are finite type W(/c)-algebras. 

The action of GVl.tt] on irreducible representations of GL n (i 7 '), both in charac- 
teristic zero and in characteristic t, can be made completely explicit in terms of a 
choice of certain "compatible systems of cuspidals" . (We refer the reader to The- 
orem [Till and the discussion preceding it for a description of these systems.) This 
allows us to show that the fc-points of ^4[l,7t] are in bijection with the supercuspidal 
supports of irreducible smooth representations of GL n (F) over k that lie in the 
block corresponding to (L,ir). This gives a "mod £" analogue of the correspond- 
ing result of Bernstcin-Dcligne for complex points of the classical Bernstein center. 
(See section [12] for precise statements of these results.) 

This is the first part of a three-part paper. The second part of this paper will 
be devoted to exploring the relationship between Al -7T and the deformation theory 
of Galois representations, via the local Langlands correspondence. In particular 
we will give a conjectural description of the completion of A[ L ^] at a point i as a 
subalgebra of the universal framed deformation ring of the semisimple representa- 
tion of Gf attached to x via local Langlands. Although our techniques fall short 
of proving this conjecture, we also give a conjectural description of C[£ )ir ] in this 
manner, as the subalgebra generated by the coefficients of the characteristic poly- 
nomials of certain "Frobenius elements" of the universal framed deformation ring. 
This conjecture turns out to be more tractable, and we prove it in many cases. 
When £ is a "banal" prime (that is, when 1, ...,q n arc distinct mod £, where q is 
the order of the residue field oi F,) then C[i j7r i = and we can prove both 

conjectures. 
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The third paper in this series will consider the implications of these conjectures 
for the "local Langlands correspondence in families" of |EH| . In particular we will 
apply the structure theory of ^4[L j7r ] to to questions that arise from the theory of 
Whittakcr models, that were first studied over the complex numbers in |BH| . We 
establish versions of several of these results that hold for smooth representations 
over W{k), and use these results, together with our conjectural description of A^^, 
to prove a conjecture of |EH] attaching families of admissible representations of 
GL„(F) to families of Galois representations. 

Our approach to the Bernstein center is necessarily different from that of Bern- 
stein and Deligne, who rely on properties of cuspidal representations that hold only 
over helds of characteristic zero. Instead, we proceed by constructing faithfully pro- 
jective objects in certain direct factors of the category of smooth W(k)[GL n (F)]- 
modules. Central endomoprhisms of such objects then yield elements of the Bern- 
stein center via standard arguments that we recall in section [2j 

Our construction of these projective W / (fc)[GL„(F)]-modules relies heavily on 
the theory of types. (This is why we must restrict our attention to the group GL„, 
where the theory of types is well-developed.) The construction occurs in several 
steps, but begins with a cuspidal type over k. Such a type has a projective envelope 
with a fairly explicit description; compactly inducing this projective envelope then 
yields a projective GL n (F)-module. We study the structure of such modules in 
sections 2] and [7] The general structure theory relies heavily on the characteristic 
zero notion of a "generic pseudo-type" ; we introduce this notion in section [6j and 
compute the Hecke algebras attached to such types. These Hecke algebras turn out 
to be analogues, in some sense, of spherical Hecke algebras. 

The projectives constructed in section |4] are not the faithfully projective objects 
we need to consider, however. The latter are obtained by parabolic induction 
from modules we have already constructed. To show that the resulting modules 
are projective, we invoke a version of Bernstein's second adjointness proved for 
smooth W / (fc)[GL„(i 7 ')]-modules by Dat |D2j . Although it would suffice to simply 
invoke this result for the main purposes of the paper, we also give an alternate 
proof of Bernstein's second adjointness that uses the techniques of this paper in 
section [TUJ The type theoretic approach we take is very different from that of Dat, 
and one might hope that it will apply in other contexts where the theory of types 
is sufficiently developed. 

Once we have constructed the faithfully projective objects in question, and shown 
them to be faithfully projective, it remains to compute their central endomorphisms. 
This is done in section 111! our computation relies heavily on our a priori under- 
standing of the Bernstein center over fields of characteristic zero. The result is 
Corollary III. Ill which expresses the Bernstein center as a certain (explicitly de- 
fined) subalgcbra of a multivariate Laurent polynomial ring over a certain finite 
rank VF(fc)-algcbra. This finite rank W(k)- algebra arises from the representation 
theory of finite groups: it is a tensor product of endomorphism rings of projective 
envelopes of cuspidal representations of GL r (F gS ) over k, for various r and s. The 
structure of such endomorphism rings is currently under investigation by David 
Paige. 

The author is grateful to Matthew Emerton, Richard Taylor, Sug-Woo Shin, Flo- 
rian Hcrzig, David Paige and J.-F. Dat for helpful conversations and encouragement 
on the subject of this note. 
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2. Faithfully projective modules and the Bernstein center 

Definition 2.1. Let A be an abclian category. The center of A is the ring of 
endomorphisms of the identity functor Id : A — > A. More prosaically, an element 
of A is a choice of element /m G End(M) for every object M in A, satisfying the 
condition /m o <f> = <f> o f N for every morphism <p : N — > M in A. 

If A is the category of right P-modules for some (not necessarily commutative) 
ring R, then it is easy to see that the center of A is the center Z{R) of the ring R. 
Indeed, Z(R) acts on every object of A; this defines a map of Z{R) into the center. 
Its inverse is constructed by considering the action of the Bernstein center on R, 
considered right P-module. 

When A is a more general abelian category, we can often describe its center by 
reducing to the case of a module category. We more or less follow the ideas of [R] , 
section 1.1. The key is to find an object in A that is faithfully projective, in the 
following sense: 

Definition 2.2. Let A be an abclian category with direct sums. An object P in 
A is faithfully projective if: 

(1) P is a projective object of A. 

(2) The functor M i-> Hom(P, M) is faithful. 

(3) P is small] that is, one has an isomorphism: 

® ieI Hom(P, Mi) Hom(P, © 4e /M 4 ) 
for any family Mj of objects of A indexed by a set I. 

One checks easily that the condition that M i-> Hom(P, M) is faithful is equiv- 
alent to the condition that Hom(P, M) is nonzero for every object M of A. If A 
has the property that every object of A has a simple subquotient, then it suffices 
to check that Hom(P, M) is nonzero for every simple M. 

If P is a faithfully projective object of A, one has: 

Proposition 2.3 ([R], Theorem 1.1). Let P be faithfully projective. The functor 
M M> Hom(P, M) is an equivalence of categories from A to the category of right 
End(P) -modules. In particular, the center of A is isomorphic to the center of 
End(P). 

Idempotents of the center correspond to factorizations of A as a product of 
categories. In practice we can obtain these factorizations by constructing suitable 
injective objects of A. 

Proposition 2.4. Suppose that every object of A has a simple subquotient, let S 
be a subset of the simple objects of A, and let be a injective objects of A such 

that, up to isomorphism: 

(1) every simple subquotient of I\ is in S, 

(2) every object in S is a subobject of I\, 

(3) no simple subquotient of 1% is in S , and 

(4) every simple object of A that is not in S is a subobject of 12- 

Then every object M of A splits canonically as a product Mi x M^, where every 
simple subquotient of M\ is in S , and and no simple subquotient of M2 is in S . 
This gives a decomposition of A as a product of the full subcategories A\ and A2 
of A, where the objects of A\ are those objects M\ of A such that every simple 
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subquotient of Mi is in S, and the objects of A2 are those objects M2 of A such 
that no simple subquotient of M2 is in S. Moreover, every object of Ai has an 
injective resolution by direct sums of copies of I\ , and every object of A2 has an 
injective resolution by direct sums of copies of I2 ■ 

Proof. Let Mi be the maximal quotient of M such that every simple subquotient 
of Mi is in S, and let M2 be the kernel of the map M — > Mi. We first show 
Hom(M2,ii) = 0. Suppose we have a nonzero map of M2 into Ii, with kernel 
N. Then the injection of M2/N into Ii would extend to an injection of M/N into 
Ii, and thus M/N would be a quotient of M, dominating Mi, all of whose simple 
subquoticnts were in S. It follows that no simple subquotient of M2 lies in S, as 
such a subquotient would yield a nonzero map of M2 to Ii . 

If we let M3 be the maximal quotient of M such that no simple subquotient of 
M3 is in S, then the same argument (with Ii and I2 reversed) shows that every 
simple subquotient of the kernel of the map M — > M3 lies in S. In particular 
the projection of M2 onto M3 is injective. Suppose the image of M2 were not all 
of M3. Then (as M surjects onto M3), there is a simple subquotient of M3 that 
is also a subquotient of M/M2; such an object would have to be in both S and 
its complement. Thus M2 is isomorphic to M3, and hence M splits, canonically, 
as a product Mi x M2. The decomposition of A as the product A' x A" is now 
immediate, as is the claim about resolutions. □ 

Remark 2.5. It is easy to make a dual argument with projective objects; we state 
the proposition in terms of injectives because that is the form of the proposition 
we will use. 

3. The Bernstein center of Rep^(G) 

Let G = GL„(F) be a general linear group over a p-adic field F, and let k be 
an alebraically closed field of characteristic £ not equal to p. Our goal is to study 
the Bernstein center of the category Rcp w ^(G) of smooth W(k){G}-modu\cs. We 
assume throughout that t is odd, so that W(k) necessarily contains a square root of 
q, where q is the order of the residue field of F. We begin by studying the category 
Rcp^(G) of smooth /C[G]-modules, where /C is the field of fractions of W(k). Most 
of the results of this section are standard. We limit ourselves to the case of GL n (F), 
although the results of this section have analogues for a general reductive group. 

The description of the center of Rcp-^-(G) depends heavily on the theory of para- 
bolic induction, and particularly the notions of cuspidal and supercuspidal support, 
which we now recall. Let (M, it) be an ordered pair consisting of a Levi subgroup 
M of G and an absolutely irreducible cuspidal representation tt of M. 

Let P be a parabolic subgroup of G, with Levi subgroup M and unipotent radical 
U, and let n = ni ® ... ® n r be a W / (fc)[Af]-module. We let ip be the normalized 
parabolic induction functor of [BZj ; that is, ip7T is the W / (fc)[G]-module obtained 
by extending n by a trivial [/-action to a representation of P, twisting by a square 
root of the modulus character of P, and inducing to G. (This depends on a choice 
of square root of q in W(k); we fix such a choice once and for all.) Similarly, we 
denote by r^ the parabolic restriction functor from W / (fc)[G]-modulcs to W(k)[M]- 
modules. 

Definition 3.1. Let M be a Levi subgroup of G, and let 7r be a supercuspidal 
representation of M over a field L. An absolutely irreducible representation II 
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of G over L has supercuspidal support equal to (M, tt) if tt is supercuspidal, and 
there exists a parabolic subgroup P of G, with Levi subgroup M, such that II is 
isomorphic to a Jordan-Holder constituent of the normalized parabolic induction 
i$ir. 

Definition 3.2. Let M be a Levi subgroup of G, and let tt be a cuspidal repre- 
sentation of M over a field L. An absolutely irreducible representation IT of G has 
cuspidal support equal to (M, tt) if there exists a parabolic subgroup P of G, with 
Levi subgroup M , such that II is isomorphic to a quotient of ip7r. 

Over a field L of characteristic zero, the notions of cuspidal and supercuspidal 
support are equivalent, but the notions differ over fields of finite characteristic. 

Two pairs (M, tt) and (M', tt') are conjugate in G if there is an element g of G that 
conjugates M to M' and tt to 7r'. This determines an equivalence relation on the 
set of pairs (M, tt) . Both the cuspidal and supercuspidal support of an absolutely 
irreducible representation II of G are uniquely determined up to conjugacy. 

Definition 3.3. We say that two representations 7r,7r' of G that differ by a twist by 
X det, where x is an unramificd character of F x , arc inertially equivalent. More 
generally, if M is a Levi subgroup of G, two representations tt and tt' are inertially 
equivalent if they differ by a twist by an unramified character x of M, that is, a 
character x trivial on all compact open subgroups of M. 

We are primarily interested in cuspidal and supercuspidal support up to inertial 
equivalence. Two pairs (M, tt) and (M',tt') are inertially equivalent if there is a 
representation tt" of M, inertially equivalent to tt, such that (M,tt") is conjugate 
to (M',tt'). The inertial supercuspidal support (resp. inertial cuspidal support) of 
an absolutely irreducible representation II of G is the inertial equivalence class of 
its supercuspidal support (resp. cuspidal support). 

Theorem 3.4 (Bernstein-Deligne, |BDj . 2.13). Let M be a Levi subgroup of G, 
and let tt be an irreducible cuspidal representation of M. Let Rep^-(G) m,tt be the 
full subcategory of Rep^-(G) consisting of representations LI such that every simple 
subquotient o/LI has inertial supercuspidal support (M, 7r). Then Rep^-(G)j\/,7r is a 
direct factor o/Rep^(G). 

There is thus an idempotent e M ^ of the Bernstein center of Rep^(G) that 
acts by the identity on all objects of Rep^(G)jvf, w and annihilates all of the other 
Bernstein components. 

Moreover, it is possible to give a complete description of the center Am,tt of 
Rep^(G)j\/.7r- Let ^(M) denote the group of unramified characters of M. Then 
ty(M) can be identified with the algebraic torus Spec IC[M/Mo], where Mq is the 
subgroup of M generated by all compact open subgroups of M. The group ^(M) 
acts transitively (by twisting) on the space of representations of M inertially equiv- 
alent to tt, and the stabilizer of tt is a finite subgroup H of ^(M). Note that H 
depends only on the inertial equivalence class of tt, not tt itself. The group ^{M)/H 
is a torus, isomorphic to Spec K,[M/Mq] h ; a choice of tt identifies fy{M)/H with 
the space of representations of M inertially equivalent to tt. 

Let Wm be the subgroup of the Weyl group W(G) of G (taken with respect 
to a maximal torus contained in M) consisting of elements w of W{G) such that 
wMw^ 1 = M. Define a subgroup Wm (tt) of Wm consisting of all w in Wm such 
that tt w is inertially equivalent to tt (this subgroup depends only on the inertial 
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equivalence class of ir.) Then acts on the space of representations of M in- 

crtially equivalent to ir, and hence (via a choice of ir) on the torus Spec K\M / M a ] H . 
This action is in general a twist of the usual (permutation) action of Wm on M/Mq, 
but if ir is invariant under the action of Wm (tt) j then the action of Wm (t) on M/M 
is untwisted. 
We have: 

Theorem 3.5 (Bernstein-Dcligne). A choice of ir identifies Am., with the ring 
{K,[M /Mq\ h ) Wm ^\ More canonically, the space of representations of Ad inertially 
equivalent to ir is naturally a ^/H-torsor with an action of Wm(tt), an d the cen- 
ter of Rcp^-(G) is the ring of Wm(k) -invariant regular functions on this torsor. 
Moreover, if f is an element of Am,,, and II is an object of Rcp^(G)m,tt with 
supercuspidal support (M, ir'), then f acts on II by the scalar f(ir'). 

If ir is invariant under the action of Wm (ir) , then the action of Wm (tt) on M/Mo 
is the usual (untwisted) permutation action. 

Wc conclude with a standard result describing the action of the Bernstein center 
on modules arising by parabolic induction. Let (Mj,7Tj) be pairs consisting of a 
Levi subgroup Mj of GL ni (F) , and an irreducible cuspidal representation iri of Mi 
such that TTj is invariant under the action of ^(f,). Let M be the product of 
the Mi, considered as a subgroup of GL n (F), where n is the sum of the n,. Let ir 
be the tensor product of the 7r,;; it is an irreducible cuspidal representation of M. 
We then have an action of Wm(tt) on the inertial equivalence class of (M, 7r); we 
assume that ir is invariant under this action. 

In this setting, the group (M/Mq) h is the product of the groups (Mj/ '(Mi)o) Hi , 
where Hi is the subgroup of characters fixing iri under twist. The isomorphism: 

K[M/Mo] H = (g)K[M/(M) ] ffl 

i 

then restricts to give an embedding: 

$ : (K[M/M ] h ) WmM ^ 0(^[M i /(M i ) o ] Hi ) VKM * ( ' ri) 

i 

Proposition 3.6. Let IL be a collection of representations of GL Mi such that for 
each i, Hi lies in Rcp-^(GL ni (i 7, ))A/ i . 7ri ■ Let P = LU be a parabolic subgroup of 
GL n (F), with L isomorphic to the product of the GL ni (F), and let LI be the tensor 
product of the Hi, considered as a representation of L. Then i^, L "^ F ^Il lies in 

Rep^(GL„(F))M, w . 

Moreover, under the identifications 

A M ,, = QC[M/M ] H ) W ^\ 

A Mi , Vi = gC[Mi/(Mi) } Hi ) w ^^ 
induced by (M,7r) and (Mj,7Tj), if x lies in Am.tt, then the endomorphism of 
^gl„(f)-q j nc j uce ^ y x coincides with the endomorphism of ^p L "^LI arising from 
the action of <f>(x) on LI. 

4. Construction of projectives 

Our goal is to apply the theory of section [2] to the category Rep w ^ (G) of 
smooth L4 7 (/c)[G]-modules. In particular we will factor this category as a product 
of blocks, and construct an explicit faithfully projective module in each block. The 
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first step is to obtain a supply of suitable projective V7(fc)[G]-modules, and study 
their properties. 

Definition 4.1. Let R be a VF(fc)-algebra. By an i?-typc of G, we mean a pair 
(K,t), where K is a compact open subgroup of G and r is an R[K] -module that 
is finitely generated as an i?-module. The Hecke algebra H(G,K,t) is the ring 
End fl[G] (c-Indg r). 

For the most part we will be concerned with i?-types for R = k, or R = /C, 
where JC is the fraction field of W(k). Note that for any i?[G]-module it, Frobenius 
reciprocity gives an isomorphism of Hom^[x] (t, it) with Homfj^j (c-Ind^- r, 7r), and 
hence an action of H(G, K, r) on HoniR[^] (r, 7r) . Moreover, if V is the underlying R- 
module of r, H(G, K, r) can be identified with the convolution algebra of compactly 
supported smooth functions / : G — > Endfl(y) that are left and right if -invariant, 
in the sense that f(kgk') = T(k)f(g)T(k'). If g is in G, then we denote by I g (r) 
the space Hom. KngKg -i (r, r 9 ), where t 9 is the representation of gKg^ 1 defined by 
T 9 {k) = r(g~ 1 kg). Then the map / i— > f(g) is an isomorphism between the space 
H(G, K,r)KgK of functions in H(G,K,t) supported on KgK and Ig(r). 

In this section, we will primarily be concerned with a certain class of types 
which are called maximal distinguished cuspidal types in [V2j . IV. 3. IB. We omit 
the precise definition of these types here; for our purposes it suffices to know certain 
specific properties of a maximal distinguished cuspidal i?-type (K, r), where R is a 
field. 

Such a type arises from a simple stratum [21, n, 0, 0\, together with a character 9 
in the set C(2l, 0,/3) defined in [BKlj . 3.2.1. Here 21 is a maximal order in M n (F), 
and /3 is an element of 21 such that E — F[f3] is a field. This allows us to identify 
E x with a subgroup of GL n (F). Let e and / denote the ramification index and 
residue class degree of E over F. One then has: 

• K is the group J(/3,2l) of jBKlj . In particular, K contains a normal pro-p 
subgroup K 1 (called J 1 (/3,2l) in jBKlj .) such that the quotient K/K 1 is 
isomorphic to GL^(F g /), where q is the order of the residue field of F. 

• t has the form K®a, where a is a the inflation of a cuspidal representation 
of K/K 1 over R, and k is a representation of K that is a /3-extension of 
the unique irreducible representation of K 1 containing 9. 

Maximal distinguished cuspidal i?-typcs have the following useful properties: 

Theorem 4.2 ([V2], IV.l.l-IV.1.3). Let R be afield, and let (K,t) be a maximal 
distinguished cuspidal R-type arising from an extension E/F. 

(1) There is a unique embedding o/GLjl(B) into G such that the center E x of 
GL_" r (£') normalizes K and K 1 , and acts trivially on K/K 1 . We identify 
GLjl.{E) and E x with their images under this embedding. The intersection 
ofGL^_(E) with K is GL^(C B ). 

(2) The subgroup E x of G normalizes r. In particular r extends to a represen- 
tation of E x K, and any two extensions of V differ by a twist by a character 
of E x K/K = Z. 

(3) The G -intertwining of(K,r) is equal to E X K. 

(4) For any extension f of t to a representation of E x K , there is an isomor- 
phism of H(G, K, t) with the polynomial ring R[T, T^ 1 ], that sends T to the 
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element ft of H{G,K,t) supported on KweK, where we is a uniformizer 
of E, for which fy au (kwEk') = r(fc)f (•E(7e)t(A;'). 

(5) For any extension f of r to a representation of E X K, the representation 
c-Iiid^x^-r is an irreducible cuspidal representation of G over R. 

(6) Every irreducible cuspidal representation of G over R arises in this fashion. 
Those irreducible cuspidal tt that arise from a given (K, r) are precisely 
those tt whose restriction to K contains r. 

If R is a field, and tt and tt' are two irreducible cuspidal ^-representations 
containing a maximal distinguished cuspidal type (K, r), then Homm/fi (r, tt) and 
HorriR^] (t, tt') are modules over H(G,K,t) = R[T, T" 1 ] that are one-dimensional 
as R- vector spaces. In particular T acts via scalars c and c' on Hom^^j (t, tt) 
and Kom R [ K ] (r, tt'), respectively. Let x be an unramified k- valued character of F x 

such that x(otf) ¥ = c'c -1 . As T is supported on KweK, and dettu^; = wp, the 
-ff(G, -ftT, r)-modules HoniR^] (t, 7r ® x ° det) and Hommjf i (t, 7r') are isomorphic, 
and so 7r' is a twist of 7r by an unramified character; that is, tt and tt' are inertially 
equivalent. 

Remark 4.3. The isomorphism of R[T, T _1 ] with H(G, K, r) depends on a choice 
of extension f of r, and also a uniformizer we- When R is a field, this isomorphism 
may be reinterpreted in the language Bernstein and Deligne use to describe the 
Bernstein center, and made independent of we (but not of f). Let tt be the irre- 
ducible cuspidal representation of G whose restriction to E x K contains f. Then 
every representation of G inertially equivalent to tt has the form tt <E> x f° r some 
unramified character x of G/Gq, and we have tt = tt ® x if; an d only if, 7r ® x 
contains f. The latter holds precisely when f = t(E)x\e x Ki which holds if and only 
if x^e) = 1- Let Z be the subgroup of G generated by we] our choice of we 
identifies R[T, T -1 ] with R[Z}. The map Z — > G/Gq is injective (but not in general 
surjective), and induces a map Hom(G/Go, G m ) — > Hom(Z, G m ) by restriction. Let 
H be the kernel of this map; the induced map on rings of regular functions then 
identifies R[Z] with the if-invariants R[G/Go] H . The identifications: 

H(G, K, t) £ R[T, T- 1 } £ £ i?[G/G ] H 

give an identification of H(G,K,t) with R[G/Gq] h that does not depend on we- 
The map x l— > tt (3 x describes a bijection between (Speci?[G/Go])/i? and the set 
of representations of G inertially equivalent to tt. Under the above isomorphisms, 
the character of H(G, K, r) that corresponds to a representation tt <E> \ of G is 
the character of R[G/Gq] h obtained by treating R[G/Gq) as the ring of regular 
functions on the space of unramified characters of G and evaluating such functions 
at x- 

Let KJ be a finite extension of the field of fractions K, of W(k), and let O be 
its ring of integers. If tt is an irreducible cuspidal integral representation of G 
over K! , then tt contains a unique homothety class of G-stable O- lattices, and the 
reduction rgir of any such lattice modulo I is an irreducible cuspidal representation 
of G over k. In this situation we have the following compatibilities between the 
types attached to tt and rgrr, due to Vigneras: 

Theorem 4.4 ( |V2j . IV. 1.5). Let tt be an irreducible cuspidal representation of G 
over KL' , containing a maximal distinguished cuspidal K! -type (K,f). 
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(1) There is an unramified character \ '■ F x ~^ (fc') x , such that n (g> (x det) 
is integral. 

(2) The K -representation f is defined over K,, and the mod £ reduction of f 
is an irreducible k -representation r of K , such that (K,r) is a maximal 
distinguished cuspidal k-type contained in ri\ji ® (x ° det)]. 

(3) Every maximal distinguished cuspidal k-type arises from a maximal distin- 
guished cuspidal K! -type via "reduction mod I", for some finite extension 
KI ofK. 

We can use this theory of reduction mod £ to turn inertial equivalence into an 
equivalence relation on simple cuspidal smooth W^(fc)[G]-modules tt. Such n fall 
into two classes: cither £ annihilates n, in which case n is an irreducible cuspidal 
/c-represcntation of G, or I is invertiblc on 7T, in which case 7r is an irreducible 
cuspidal representation of G over some finite extension K! of K,. 

Lemma 4.5. Let it be a simple smooth W(k)[G]-module on which £ is invertible, 
and let K! be a finite extension of JC such that every JC'[G]-simple subquotient of 
7r ®k fc' is absolutely simple. Then ir ®;e KJ is a direct sum of absolutely simple 
K.'[G\-modules, and Gal(/C//C) acts transitively on these summands. 

Proof. Let ttq be an absolutely simple /C'[G]-submodulc of ir Kf . Then the sum 
of the submodulcs 7Tq for g in Gal(/C//C) is a Galois-stable AC'[G]-submodulc of 
7r ®x. KI , and hence descends to a /C[G]-submodulc of n. This submodule must be 
all of 7r, and the result follows. □ 

Definition 4.6. Let (K, r) be a maximal distinguished cuspidal fc-type, and let 
7r be a simple cuspidal smooth W / (fc)[G]-module. We say that 7r belongs to the 
mod £ inertial equivalence class determined by (K, r) if either £ annihilates it and 
7r contains (K, r) , or if £ is invertible on tt and there exists a finite extension KJ 
of K, such that one (cquivalcntly, every) absolutely simple summand of 7r <8>ac JC' 
is inertially equivalent to an integral representation of G over KI whose mod £ 
reduction contains (K,t). 

Fix a maximal distinguished cuspidal fc-type (K,t), with r = k ® a, and let 
Vu — > a be the projective envelope of a in the category of W(k)[GL^(¥ q f)]- 
modules. We then have: 

Lemma 4.7. The representation k lifts to a representation k of K over W(k). 

Proof. As K\ is a pro-p-group, the restriction hl\ of n to K\ lifts uniquely to a 
representation k\ of K\ over W(k), normalized by K. The obstruction to extending 
ki to K is thus an element of H 2 (K, W(k) x ). The first two paragraphs of [BKlj . 
Proposition 5.2.4, show that this element can be represented by a cocycle taking 
values in the p-power roots of unity, and is thus a p-power torsion element a of 
H 2 (K, W{k) x ). (In |BKlj the authors work over C rather than W(k), but their 
argument adapts without difficulty. Note that they denote by r/M the representation 
we call Ki, by Jm the group we call K, and J\ t the group we call A'i.) 

Let U be a p-sylow subgroup of K containing K\ . The restriction of re to U lifts 
uniquely to a representation over W(k), extending hi. It follows that the image of 
a in H 2 (U,W(k) x ) under restriction vanishes. But the corestriction of this image 
to H 2 (K, W(k) x ) is equal to ra, where r is the index of U in K . Thus a is killed 
by a power of p and an integer prime to p, and must therefore vanish. □ 
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Lemma 4.8. The tensor product k <® V a is a projective envelope of n ® a in the 
category of W{k)[K]-modules. 

Proof. The restriction of k to K\ is irreducible, and the restriction of k®V a to K\ is 
a direct sum of copies of k\. We thus have isomorphisms of W {k)\K / Ki\-TaoA\x\es: 

~Rom Kl {k, k ® V a ) = V a . 

(Here g G K/K\ acts on Hom^fKjK <£> V a ) by / i-> / 9 , where / 9 (a;) = ^/(g -1 ^); 
note that this action depends on k, not just its restriction to ifi.) 
Now suppose we have a surjection: 

of W / (fc)[iC]-modules. We need to show that any map k®V a 9 lifts to a map to 
9'. As wc have identified V a with Honif^K, k ® V„\ such a map induces a map 
Po- — > Honijd (k, 0). This latter map is if/ifj-equivariant. 

As Ki is a pro-p group, the surjection of 9' — > 9 induces a surjection 

Honift^ (k, 9') — > Hom^j (k, 9) 

of ^(^[if/^Gj-modulcs. As V a is projective, the map 

V a — s- Hom^ (k, 9) 

lifts to a map 

V a -> Hom^M')- 

Tcnsoring with fc, wc obtain the desired map k ® — > 6' , so k® V a is projective. 

On the other hand, k®V a is indecomposable over W(k)[K], and is therefore a 
projective envelope of k ® cr in the category of W / (fc)[ii']-modules. □ 

As the functor c-Ind^- is a left adjoint of an exact functor, it takes projectives 
to projectives. In particular the module Vk,t defined by Vk,t '■= c-Ind^- k®V a is 
a projective object in Hep w ^(G). 

Proposition 4.9. Let it be a simple cuspidal smooth W (k)[G]-module in the mod 
£ inertial equivalence class determined by (if, r). Then there exists a surjection 
Vk.t -> 7T. 

Proof. First suppose that £ annihilates tt. The surjection of V a onto a gives rise to 
a surjection Vk.t c-Ind^ r. As the restriction of 7r to K contains r, we have a 
nonzero (thus surjective) map c-Ind^ r — >■ 7r as claimed. 

On the other hand, if £ is invertible in 7r, then fix an absolutely simple summand 
7To of 7r for some finite extension /C' of /C. As 7To is in the mod I inertial 

equivalence class determined by (K, r) , there is a maximal distinguished cuspidal 
/C'-type (K,f) contained in ttq; its mod £ reduction is (K,t). If we regard f as a 
representation of K over the ring of integers O' of /C' , we have surjections 

f — > T 

a? Va y t, 

and thus obtain a map k®V a — > t by projectivity of k®V a - This map is necessarily 
surjective, so by applying the functor c-Ind^-, we obtain a surjection 

V K ,r ®w(k) O' -> c-Indg t. 
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Composing this surjection with the nonzero maps 

c-Ind^-f -> c-Ind^(f) (E>w(k) K- -> 

yields a nonzero map Vk,t ®k KJ TO) an d hence a nonzero map 

Px,t ®/c /C' -> tt tgi/c Kl . 

As Hom K /[G] (Vk,t <8>k /C', 7r K') is isomorphic to Hom^qG] (Vk,t,tt) ® /C', there 
exists a nonzero map from Pk,t to 7r, which must be surjective by simplicity of 

TT. □ 

It will follow from results in section [5] that not every simple quotient of Vk,t has 
the above form. 

Our next goal is to use the Vk,t to construct projectives that admit surjections 
onto representations with given cuspidal support. We must first introduce some 
additional language. As a maximal distinguised cuspidal fc-type determines an 
incrtial equivalence class of cuspidal representations, we will sometimes say that 
the supercuspidal or cuspidal support of a representation II is given by a collection 
{(Ki, n), . . . , (K r , r r )} of maximal distinguished cuspidal /c-types; this means that 
II has supercuspidal (or cuspidal) support (M,tt), where M is a "block diagonal" 
subgroup of the form GL ni x • • • x GL nr , and tt is a tensor product tt\ ® • ■ ■ ® tt t 
where 7Tj is in the inertial equivalence class determined by (Ki,Ti) for all i. 

Definition 4.10. Let M be a Levi subgroup of G and let tt be an irreducible 
cuspidal representation of M over k. We say that a simple smooth VK(/c)[G]-modulc 
LI has mod £ inertial cuspidal support equal to (M, tt) if either: 

(1) II is killed by £, and its cuspidal support is inertially equivalent to (M, tt), 
or 

(2) I is invertible on II, and there exists a finite extension KJ of /C, with ring of 
integers O', such that II <g>x; K.' is a direct sum of absolutely simple /C'[G]- 
modulcs, and for some (equivalently every) absolutely simple summand IIo 
of II tgijc K.', there exists a smooth C-intcgral representation tt of M lifting 
tt, such that the cuspidal support of IIo is inertially equivalent to (M,tt). 

In this language, Proposition 14.91 savs that every simple M /r (/c)[G]-module with 
mod £ cuspidal support given by (K,t) is a quotient of Vk,t- 

We will also need a notion of mod I inertial supercuspidal support. We first recall 
a standard result about the behavior of supercuspidal support under reduction mod 
£: 

Proposition 4.11. Let II be an absolutely irreducible smooth integral representa- 
tion of G over a finite extension KJ of K,, with supercuspidal support (M,tt). Then 
tt is an integral representation of M. Moreover, let LT and tt denote the mod £ 
reductions of U and tt, respectively. Then tt is irreducible and cuspidal (but not 
necessarily supercuspidal). Moreover, the supercuspidal support of any simple sub- 
quotient of II is equal to the supercuspidal support of tt. 

Definition 4.12. Let M be a Levi subgroup of G and let tt be an irreducible 
supercuspidal representation of M over k. We say that a simple smooth VF(fc)[G]- 
module II has mod £ inertial supercuspidal support equal to (M, tt) if there exists 
a Levi subgroup M' of G containing M , and an irreducible cuspidal representation 
tt' of M' over k, such that II has mod £ inertial cuspidal support (M 1 ,tt'), and tt' 
has supercuspidal support (M, tt) . 
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Proposition 4.13. Let H be an irreducible smooth integral representation of G 
over a finite extension KJ of K,. The following are equivalent: 

(1) II has modi inertial supercuspidal support (M,tt). 

(2) Every simple subquotient of the mod £ reduction reduction of II has super- 
cuspidal support inertially equivalent to [M, 71"). 

Proof. This is immediate from Proposition 14. Ill □ 

If M is a Levi subgroup of G, and n is an irreducible cuspidal representation of 
M over k, define V(m.-k) to be the normalized parabolic induction 

where P is a parabolic subgroup whose associate Levi subgroup is M, and the 
(Ki, n), are a sequence of maximal distinguished cuspidal A:- types whose associated 
mod I inertial equivalence class is (M,w). 

Remark 4.14. Strictly speaking, V(m,-k) ma Y depend on the choice of P; we sup- 
press this dependence from the notation. In fact, it seems likely that different 
choices of P give rise to isomorphic modules V(m,tv)i but we will not need this and 
do not attempt to prove it. 

Lemma 4.15. Let II be an absolutely irreducible representation of G, and let 
7!"i, . . . ,7T r be a sequence of absolutely irreducible cuspidal representations such that 
ir is a quotient of ip[wi (8> • • • <S> 7r r ]. Let Sj be the permutation of 1, ... , r that in- 
terchanges i and i + 1 and fixes all other integers. Then either H is a quotient of 
*p[ 7r s i (i) ® ' ' " ® ^(r)]; or ?Tt arl ^ 7T*+i are inertially equivalent. 

Proof. The parabolic induction ip[ni <E> ■ ■ ■ <E> 7r r ] is isomorphic to ip\it Si (i) (8 • • • ® 
7r s .( r )] unless 7r, = (| | o det) TTj+i. If this is the case then 7Ti is inertially equivalent 
to n+i. □ 

Proposition 4.16. let II be a simple smooth W \k)[G\-module with mod I cuspidal 
support given by the inertial equivalence class (M, tt) . Then II is a quotient of 

Proof. Either II is defined and absolutely irreducible over k, or I is invertible on 
II and there exists a finite extension K! of /C such that II ®/c K! is a direct sum 
of absolutely simple /C'[G]-modules. Choose an absolutely irreducible cuspidal rep- 
resentation ft of M , defined over the appropriate field (k or JC') such that, over 
this field, II admits a nonzero map from ipir. Write tt = ir\ <E> ■ ■ ■ ® ir r , and choose 
(Ki,Ti) maximal distinguished cuspidal types such that iti is in the inertial equiva- 
lence class determined by (JQ, Ti) for all i. Then, for a suitable parabolic subgroup 
P, we have 

T>M,n = ip[V {KuTl ) ® ' ' ' ® V(K r ,T r )]- 

Reorder the TTi such that for all i tti is in the mod I inertial equivalence class 
determined by (i^j,r,). By the previous lemma, we may do this and still assume 
that there is a nonzero map from ipfc to II. Now we have a nonzero map of VKi,^ 
into Tii for each i, that is surjective if fr is defined over k and that becomes surjective 
after inverting I if -k is defined over some /C'. Hence, after induction, we obtain a 
nonzero map of Vcm,w) to ipfr that is surjective if II is defined over k, and becomes 
surjective after tensoring with K,' if £ is invertible on II. If II is defined over k, then 
composing this surjection with the surjection of i^ft onto II yields a nonzero map 
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of V(m,tt) to II; this map must be surjective as II is simple. On the other hand, if 
I is invertible on II, we have a nonzero map 

~P(M,ir) ®w(fc) & n (g)/c K, 

obtained by composing the surjection of V(m,-k) ® onto ip7r with the map ipfr — ► 
II®/c We thus have a nonzero map of V(m,tt) onto II, and the result follows. □ 

We will see later that in fact the W / (fc)[G]-modules P(M,n) are projective, and 
once we have established this they will form the basic building blocks of our theory. 

5. Finite group theory 

Our first step in understanding the projectives V(m,k) an d Pk,t is to understand 
the projective envelope V a of a representation a of GL n (F 9 ). This mostly uses 
standard facts from the representation theory of GL„(F g ) that we now recall. For 
conciseness, we let G denote the group GL rl (F g ), and fix an £ prime to q. 

If P = MU is a split parabolic subgroup of G, with Levi subgroup M and 
unipotcnt radical U , wc have parabolic induction and restriction functors: 

if : Rep w(k) (M) -)• Rep w(k) (G) 
r^ : Rep w(k) (G) Rep w{k) (M). 
Here if takes a M / (fc)[M]-module, considers it as a W (k)[P]~ module by letting U 
act trivially, and induces to G. Its adjoint (which is both a left and right adjoint 
in the finite group case) takes the [/-invariants of a IF(fc)[G]-module and considers 
the resulting space as a W / (fc)[A/]-module. 

Just as in the representation theory of GL n over a local field, we can then define: 

Definition 5.1. A VF(fc)[G]-module ir is cuspidal if r^ir = for all proper split 
parabolics P of G. An irreducible k[G] or /C[G]-modulc ir is supercuspidal if it does 
not arise as a quotient of i^ir' for any proper split parabolic subgroup P = MU of 
G and any representation it' of M (over k or /C, as appropriate). 

Over /C, an irreducible representation n is cuspidal if and only if it is supercus- 
pidal; over k a supercuspidal representation is cuspidal but the converse need not 
hold. Wc also define: 

Definition 5.2. Let P = MU be a split parabolic subgroup of G, and let it' be an 
irreducible representation of M . 

(1) An irreducible k[G] or /C[G]-module tt has cuspidal support (M,tt') if n' is 
cuspidal and tt is a quotient of ij/rr' . 

(2) An irreducible k[G] or /C[G]-module tt' has supercuspidal support (M,tt') if 
7r' is supercuspidal and tt is a subquotient of if 7r'. 

The cuspidal and supercuspidal support of an irreducible tt always exist, and are 
unique up to G-conjugacy. Over /C the two notions coincide, but this is not true over 
k because of the existence of cuspidal representations that are not supercuspidal. 

As the parabolic induction and restriction functors arc defined on the level of 
T / F(/c)[G]-modulcs, it is clear that the reduction mod £ of a cuspidal representation 
is cuspidal. The notion of supercuspidal support is compatible with reduction mod 
£ in the following sense: if tt is an irreducible representation of G over /C, and tt is 
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any subquotient of its mod t reduction, then the supercuspidal support of n is equal 
to the supercuspidal support of the mod £ reduction of the supercuspidal support 

Of 7T. 

Dcligne-Lusztig theory provides a parameterization of the irreducible cuspidal 
representations of G over K, in terms of semisimplc elements s of G whose charac- 
teristic polynomials are irreducible, up to conjugacy. To an arbitrary semisimplc 
element s (up to conjugacy), we associate a subset of the irreducible representations 
of G over JC as follows: let M s be the split Levi subgroup of G minimal among 
those split Levi subgroups containing s. Then M s is a product of general linear 
groups G ni , and the factors Si of s under this decomposition all have irreducible 
characteristic polynomials. We call the Si the "irreducible factors" of s, and refer 
to an s with only one irreducible factor as "irreducible." Thus each Si yields a cus- 
pidal representation of G ni , and hence s yields a cuspidal representation ir' of M s . 
Let T(s) be the set of irreducible representations of G over K. with cuspidal support 
(M s , 7r'). Note that if s and t arc conjugate then the pair (M t , n") attached to t is 
conjugate to the pair (M s ,7r'), so that T(s) = I(t). More generally, if M is a Levi 
subgroup of G, and s is a semisimplc conjugacy class in M, we let Ijf(s) be the set 
of irreducible representations of M over K, whose cuspidal support is M-conjugatc 
to (M s ,ir'). We let I s denote the parabolic induction ip-7r'; this depends only on 
the conjugacy class of s, and its irreducible summands are precisely the elements 
of J(s). 

We now recall the concept of a generic representation of G. Let U be the unipo- 
tent radical of a Borcl subgroup of G. and let ^ : U — > W(k) x be a generic 
character. (For instance, if U is the subgroup of upper triangular matrices with 
l's on the diagonal, we can fix a nontrivial map ip of F+ into W(k) x and set 
v]/(u) = ^}(u\2 + ... + u n -i,n)-) We say an irreducible representation of G over k 
(resp. /C) is generic if its restriction to U contains a copy of ^ ®w(k) k (resp. 
VP ®w(k) £■)■ By Frobenius reciprocity a representation is generic if and only if it 

admits a nontrivial map from c-Ind^-^. 

We summarize the relevant facts about generic representations that we will need 
below: 

(1) If 7r is an irreducible generic representation over k (resp. /C) then its re- 
striction to U contains exactly one copy of $ ®w(k) k (resp. 'J ®w(k) £■■) 
(Uniqueness of Whittakcr models.) 

(2) Every cuspidal representation is generic. 

(3) If P is a split parabolic subgroup of G, with Levi subgroup M, and 7r is an 
irreducible generic representation of M, then i^n has a unique irreducible 
generic subquotient. (In particular there is, up to isomorphism, a unique 
generic irreducible representation with given supercuspidal support.) On 
the other hand, if ir is irreducible but not generic, then i^n has no generic 
subquotient. 

In light of these facts, for any scmisimple element s of G, we let St s denote the 
unique irreducible generic representation of G over K, that lies in T(s). (Of course, 
St s only depends on s up to conjugacy.) Note that St s is a direct summand of 
I s . It will be necessary to understand the behavior of / s and St s under parabolic 
restriction. 
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Proposition 5.3. We have a decomposition: 



G 



St s — ^ st Mt , 



where t runs over a set of representatives for M-conjugacy classes of semisimple 
elements of M that are G '-conjugate to s, and Stjf t is the unique irreducible generic 
representation of M over K, that lies in Ijj{t) . 

Proof. By Frobenius Reciprocity, for any irreducible representation a of M, we 
have an isomorphism: 

Hom-p-(cr, r^St s ) = Hom^(i-p(T, St s ). 

As St s is generic and irreducible, the right hand side is zero unless v^a has an 
irreducible generic summand; if this is the case then a is irreducible and generic, 
i^a has a unique irreducible generic summand, so the right hand side has dimension 

at most one. In particlar, every irreducible summand of r^ St s is generic and occurs 
with multiplicity one. Moreover, if the right hand side is nonzero, then the cuspidal 
support of one (hence every) summand of a is given by s, so the M -cuspidal support 
of a is given by a conjugacy class t of M that is G-conjugate to s. □ 

We can rewrite this isomorphism as follows: Let M s be the minimal split Levi 
subgroup of G containing s, so that St^j is cuspidal. Fix a maximal torus of M; 
then conjugating s appropriately we may assume that it is also a maximal torus 
of M s . Consider the set W(M S ,M) of elements w of W(G) such that wM sW" 1 
lies in M. Then W(M S ,M) has a left action by W(M) and a right action by the 
subgroup Wjj (s) of W(G) consisting of those w in W{G) such that wMgW^ 1 = M s 
and wsw^ 1 is Af s -conjugate to s. Moreover, the map s > wsw^ 1 then yields a 
bijection between W(M)\W(M S , M) /Wjj{s) and the set of Ai-conjugacy classes t 
of elements that are G-conjugate to s. We thus obtain a decomposition: 

Proposition 5.4. We have a decomposition: 

w 

where w runs over a set of representatives for W{M)\W{M s , M)/Wjt(s). 

We will need to understand the compatibility of this decomposition with a de- 
composition of r^I s . We have: 

Proposition 5.5. There is a direct sum decomposition: 

w 

where w runs over a set of representatives for W{M)\W{M s , M ), and Ij^ wsw -i is 
the parabolic induction: i^-p w -i n jjSi^j s . Moreover, on a summand St w'slw')- 1 
ofr^St s , the map r-^St s — > r^I s induces an injective map 

Cr Cr Cr 
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Proof. This is a consequence of Mackey's induction-restriction formula, together 
with Proposition 15.31 □ 

We now turn to considerations related to reduction modulo £. Given an irre- 
ducible cuspidal representation tt of G over IC, its mod I reduction is irreducible 
and cuspidal. Every cuspidal representation of G over k arises by mod £ reduction 
from some such tt. If 7r corresponds to a semisimplc conjugacy class s, then the 
reduction mod £ of tt is supercuspidal if, and only if, the characteristic polynomial 
of the ^-regular part s rcg of s is irreducible. Moreover, if tt and tt' are irreducible 
cuspidal representations correspond to semisimple conjugacy classes s and s', then 
the mod I reductions of tt and tt' coincide if, and only if, s rcg = (s') rcg . Thus the su- 
percuspidal representations of G over k are parameterized by ^-regular semisimplc 
conjugacy classes in G with irreducible characteristic polynomial, and the cuspidal 
representations of G over k are parameterized by ^-regular semisimplc conjugacy 
classes s' such that there exists a semisimple conjugacy class s, with irreducible 
characteristic polynomial, such that s' = s rGg . 

Let 7T be a cuspidal but not supercuspidal representation of G over k, and let 
s' be the corresponding semisimple element. Such an s', factors into m identical 
irreducible factors s' Q for some m dividing n. Moreover, the supercuspidal support 
of the tt that corresponds to s' is the tensor product of m copies of the supercuspidal 
representation of Gjl corresponding to s' . 

Fix an ^-regular semisimple element s' of G, and let £(s') be the union of the 
sets X(s) for those semisimple s with s rog = s'. Let e s > be the idempotent in K\G] 
that is the sum of the primitive idempotents e T for all it in £(s'). Then one has: 

Theorem 5.6. The element e s i lies in W(k)[G]. 

Proof. This is an immediate consequence of [ CE , Theorem 9.12. □ 

Fix an irreducible cuspidal representation tt of G over k that is not supercuspidal, 
corresponding to an ^-regular semisimple element s' (up to conjugacy). The repre- 
sentation tt arises as the mod £ reduction of an irreducible cuspidal representation 
tt of tt over IC; there is thus a semisimplc clement s of G, with irreducible charac- 
teristic polynomial, such that s' = s rcg . It is then easy to see that there exists an 
m > 1 dividing n such that, up to conjugacy, s' factors as a block matrix consisting 
of m irreducible factors s' . Moreover, m lies in the set {1, e q , £e g , £ 2 e q , . . . }, where 
e q is the order of q modulo I. The supercuspidal support of 7r is the tensor product 
of m copies of the supercuspidal representation 7r corresponding to s' . 

Proposition 5.7. Suppose we have an irreducible representation tt of G over IC 
whose mod £ reduction contains tt as a subquotient. Let s be the semisimple conju- 
gacy class corresponding to the supercuspidal support of tt. Then s rcg = s' . 

Proof. The supercuspidal support of n is given by the irreducible factors of s. Its 
mod I reduction has a block factorization into the ^-regular parts of the irreducible 
factors of s; these are products of irreducible factors of s rcg . So the supercuspi- 
dal support of the mod I reduction of the supercuspidal support of tt is given by 
the irreducible factorization of s rcg . On the other hand, this coincides with the 
supercuspidal support of tt, which is given by the irreducible factorization of s' . □ 
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Fix an irreducible cuspidal representation it of G over k, and let s' be a repre- 
sentative of the corresponding ^-regular semisimple conjugacy class. Let P^ be a 
projective envelope of it. 

Proposition 5.8. The W (k)[G]-module e s 'Ind^-\f' is a projective envelope of it, 
and hence is isomorphic to P n . In particular V-n®w{k)K- is isomorphic to the direct 
sum 

St.. 

s;s rcg_ s / 

Moreover, the endomorphism ring End^,^^ (7-V) is a reduced, commuative, free 
W{k)-module of finite rank. 

Proof. The module e s < Ind^-5' is projective, as induction takes projectives to pro- 
jectives. Suppose it' is an irreducible representation of G over k that admits a 
nonzero map from e s 'Indjj^ r . Then it' is generic and has supercuspidal support 

given by s', so it' = it. Thus e s . Ind§* is a projective envelope of it. 

As is free of finite rank over W(k), so is End^j.^ C^V)- Thus End^^r^ (P v ) 
embeds into End^^rgi (P^) ®w(k) The latter is the endomorphism ring of 

e s i Ind^('I' ®w(k) £)■ This module is a direct sum of the generic representations 
it of G over K, whose mod £ reduction contains it, each with multiplicity one. In 
particular its endomorphism ring is reduced and commutative. □ 

Let P be a parabolic subgroup of G, let U be its unipotent radical, and let M 
be the corresponding Levi subgroup. We will need to understand the restriction 
r^P-x- The following lemma is an immediate consequence of Proposition 15.31 

Lemma 5.9. We have an isomorphism: 

s:s rc g=s' i~S 

In particular, the endomorphism ring End^^r-p-] (Tg^V) is reduced and commuta- 
tive. 

Suppose that each block of M has size divisible by Then s' is conjugate to 
an element of M, and this element is unique up to M-conjugacy. Then Stjj , is 
the unique generic representation of M determined by this conjugacy class in M. 
Let Vjj s , be a projective envelope of Stjj s ,. 

Proposition 5.10. The restriction r^P^ is zero unless each block of M has size 
divisible by ~. When the latter occurs there is an isomorphism: 

f^Pir — P~M,s'- 

Proof. Every Jordan-Holder constituent of P v has supercuspidal support corre- 
sponding to a tensor product of m copies of the representation with supercuspidal 
support s' , an d thus r^P* = unless the condition on the block size of M holds. 
When this condition does hold, r^P v is projective, and hence a direct sum of 

indecomposable projectives. Moreover, i^j-Stp- s , contains a unique generic Jordan- 
Holder constituent; this constituent is necessarily isomorphic to it, and thus yields 
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and therefore t^P-r has a summand isomorphic to V-jj s , . It is then easy to see that 
this is the only summand, by tensoring with /C and applying Lemma 15.91 □ 



Corollary 5.11. The map 




(Vk) with the center of the block 



containing n. 

Proof. The M / (fc)[G]-modulc e s <W {k)[G\{V-n) is a projective module, and is there- 
fore a direct sum (with multiplicities) of projective envelopes of modules in the 
block containing n. Any such module it' has supercuspidal support correspond- 
ing to (s' ) m , and hence cuspidal support of the form (M, Kjj s ,) for some Levi 

M of G. It is easy to see that i^Pjj s i is then a projective envelope of ir' . Thus 
eT T W(k)[G](V 7T ) is isomorphic to a direct sum of modules of the form i^Pjj s i for 
various M. 

As Vjj , is isomorphic to a parabolic restriction of 7-V , the endomorphisms 
of V-n act naturally on Vjj s , , and hence on i^Vjj s , . This gives an action of 
End w/ ^ fc ^g]('P 7 r) on e S 'W(k)[G], whose image lies in the center of e s 'W(k){G}. 

Conversely, we have an inverse map 



We now obtain more precise results about V n under the additional hypothesis 
that £ > n. 

Let $ e (x) be the eth cyclotomic polynomial. 

Lemma 5.12. Let r be the order of q mod £, and suppose there exists an e not 
equal to r such that £ divides Q e (q). Then £ divides e. 

Proof. As q has exact order r mod £, it is clear that £ divides and also that 

r divides e. The polynomial x e — 1 is divisible by $ r (x)$ e (x); as q is a root of both 
of these polynomials mod £ we see that x e — 1 has a double root mod £, and so £ 
divides e as required. □ 

It follows that for £ > n, there exists at most one e dividing n with & e {q) divisible 



As a result, one has: 

Lemma 5.13. Lets' be an £- regular semisimple element o/GL„(F g ), whose charac- 
teristic polynomial is reducible, and suppose that there exists a semisimple element 
s of GL„(F g ) with irreducible characteristic polynomial such that s' — s rcg . Sup- 
pose also that £ > n. Then for any s such that s' = s TCg , either s = s' or the 
characteristic polynomial of s is irreducible. 



e„Z{W(k)[G\)-+End w(km (V v ), 



and the result follows. 



□ 



by£. 
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Proof. Fix a semisimple element s with irreducible characteristic polynomial such 
that s' = s rog . Then s is contained in a subgroup of G n isomorphic to F* n , and 
(when considered as an element of F *„ ) , s generates ¥ qn over F g . We regard s and 
s' as elements of ¥ q n. Write s = s'sg, where sg is f-power torsion. Then there are 
integers eg and e' dividing n such that s' generates F ?e ' over F g and sg generates 
¥ q 'e over ¥ q . The least common multiple of e' and is equal to n. Note that e' 
is not equal to n, as this would imply that the characteristic polynomial of s' was 
irreducible. 

In particular, eg cannot be equal to 1, so eg is a nontrivial root of unity. Thus £ 
divides $ ef (q), and hence eg is the unique m < n such that £ divides $ m (g). 

Now if s is an arbitrary element with s rcg = s, we can write s as s'sg for some 
£-power root of unity sg. Either sg is trivial or sg lies in ¥ q ^i ; as we know that the 
least common multiple of e' and is n the latter case implies that s generates ¥ q n 
over ¥ q , as required. □ 

In particular, if £ > n, and er is a representation that is cuspidal but not super- 
cuspidal, corresponding to a semisimple element s' , then every irreducible represen- 
tation a of G„ over K, whose mod £ reduction contains a is either a supercuspidal 
lift of <t, or has supercuspidal support given by s' . We thus have: 

Corollary 5.14. For £ > n, and tt cuspidal but not supercuspidal, we have: 

a 

where a runs over the supercuspidal representations lifting a. 

6. Generic pseudo-types 

The goal of the next two sections will be to apply the finite group theory of 
section [5] to understand the structure of Vk,t- Recall that, by definition, we have 

V k ,t = c-Ind^ it <g> TV 

The representation a is inflated from a cuspidal representation of GL" (F ? /); 
such a representation is of the form St s ' for some semisimple ^-regular element s' 
of GLn,(¥ q f). For conciseness we abbreviate GL^(¥ q f) by G for this section. 

The decomposition 

7> ff ®^ = 0St s 

of Proposition 15. 81 gives rise to a decomposition: 

V k ,t ® TC = c-Ind^ k ® St s , 

s 

where s runs over a set of representatives for the G-conjugacy classes of semisimple 
elements s whose £- regular part is conjugate to s' . 

Definition 6.1. Let (K, k ® a) be a maximal distinguished cuspidal fc-type. A 
generic pseudo-type attached to (K, k ® a) is a /C-type of the form (K, R <g> St s ), 
where St s is a generic representation of GL^_(F£) in the same block as a. 
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If St s is cuspidal, then the generic pseudo-type (K, k St s ) is a maximal dis- 
tinguished /C-type, whose mod £ inertial cuspidal support is given by (K, k 65 a). 
In general a generic pseudo-type is not a type in the usual sense of the word; we 
will see that in some sense the Hecke algebras attached to generic pseudo-types are 
analogues of spherical Hecke algebras. (In particular, they are the centers of Hecke 
algebras attached to types.) 

In this section we will prove several basic results about the structure of repre- 
sentations induced from generic pseudo-types, as well as certain natural W(fc)[G]- 
submodules of these representations. 

Our approach makes use of the theory of G-covers, which can be found in |BKlj 
for a field of characteristic zero, and [V2j over a general base ring. We largely 
follow the presentation of |V2j , section II. Let P = MU be a parabolic subgroup of 
G, with Levi subgroup M, unipotent radical U, and opposite parabolic subgroup 
P° = MU°. Let (K, t) be an i?-typc of G, and let K M ,K + ,K~ denote the 
intersections KC\M, K DU; K OU° , respectively. Let tm be the restriction of r 
to K M - 

Definition 6.2. The pair (K, r) is decomposed with respect to P if K = K~KmK + , 
and r is trivial on K + and K~ . If r is the trivial representation we will sometimes 
say that K is decomposed with respect to P. 

Now suppose that (K,t) is decomposed with respect to P, and let A be an 
element of M. Following |V2j . II. 4, we say that A is positive if AA'+A -1 is contained 
in K + , and X K~X is contained in A. We say A is negative if A -1 is positive. 

We say that A is strictly positive if the following two conditions hold: 

• For any pair of open compact subgroups U\, Ui of U, there exists a positive 
m such that X m UiX~ m is contained in Ui- 

• For any pair of open compact subgroups U°, of U°, there exists a positive 
m such that X~ m U°X m is contained in U%. 

The discussion of }V2j . II. 3 shows that when (K,r) is decomposed with respect 
to P, there is a natural i?-linear injection: T 1 : H(M, Km,t~m) H(G,K,t), 
that takes every element of H(M, Km,tm) supported on Km^Km to an ele- 
ment supported on KXK. Moreover, let H(M, Km ,t~m) + be the subalgebra of 
H(M,Km,tm) consisting of elements supported on double cosets Km^Km with 
A positive. Then the restriction T + of T" to H(M, Km, t~m) + is an algebra homo- 
morphism. 

We now have the following result: 

Proposition 6.3 ( |V2j . II. 6). Suppose there exists a central, strictly positive ele- 
ment X of M such that T + (1k m \k m ) * s an invertible element ofH(G,K,r), where 
1k m \K m * s ^ e characteristic function of KmXKm, considered as an element of 
H(M,Km,t~m)- Then T + extends uniquely to an algebra map: 

T : H(M, K M , t m ) -> H(G, K, r). 

If (K, t) is decomposed with respect to P, and the hypothesis of Proposition E3] 
is satisfied, we say that (K,t) is a G-cover of (Km,t~m)- We then have: 

Theorem 6.4 ([V2], 11.10. 1, II.10.2). Suppose that (K,t) is a G-cover of(K M ,r M )- 
Then: 
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(1) For any representation LI of G, we have an isomorphism of H(M, Km, tm)- 
modules: 

Hom K (T,II) -> Homjsr M (rjvf,rGn), 

where H(M, Km , tjw) a cts on the left hand side via the map T of Proposi- 
tionWM 

(2) For any representation II of M, we have an isomorphism of H(G,K,t)- 
modules: 

Eom K (T, i'ftt) -> Hom KM (t m , II) ®h(m,k m ,t m ) H(G, K, t). 

We now return to the study of the /C[G]-module c-Ind^ h ® St s . Fix a (split) 
Levi subgroup M of G minimal among those split Levi subgroups containing s 
(such an M is uniquely determined by s.) We will make a choice of Levi subgroup 
M of G depending on M, as follows: let V be an n-dimensional F-vector space on 
which G acts. The distinguished subgroup GL«,(.E) of G coming from the type 
(K,t) gives V the structure of an F-vector space. Let L be an O^-latticc in V 
stable under G\jj±_(Oe)', then we have a map: GLj^(Oe) — > G coming from the 
isomorphism: G = GLf . (L/zueL). The Levi subgroup M of G then gives a direct 
sum decomposition: 

L/weL = ®iLi, 

where the Li are the minimal subspaces of L/tdeL stable under M. Choose a lift 
of this to a direct sum decomposition: 

L = ®iLi 

of 0£-modulcs, anc l hence a decomposition: 

V = 

of i?-vector spaces. Let M be the corresponding Levi subgroup of G consisting 
of matrices that preserve each of the Vi. Then M is a product of linear groups 
Mi = Aut F (Vi). Note that the image of M n GL^ (O e ) in G is precisely M. 

Let P be the parabolic subgroup of G that preserves the subspaces V\ , V\ + V2, 
etc., and let U be its unipotent radical. Let P and U be the images of PflGL^ (Oe) 
and [/ n GLj^(Oe) in G. Then P is a parabolic subgroup of G with Levi M and 
unipotent radical U. 

We now come to the key construction of this section. The pair (K, K<8>St s ) is not 
a type in the traditional sense (unless St s is cuspidal). We will show, however, that 
this pair is closely related to a G-cover of a certain cuspidal M-type (Km, tm)- Our 
construction of the pair (Km,tm) closely parallels sections 7.1 and 7.2 of jBKlj . 
and is more or less the "reverse" of the construction of section 7 of [BK3j . 

Recall that the maximal distinguished cuspidal type (K, r) arises from a simple 
stratum [21, n, 0, /3], together with a character in C(2l, 0, (i). Given this data, the 
group K is the group J(/?,3l) in [BKlj . and the representation k of K is a (3- 
extension of the unique irreducible representation of J 1 (/3,2l) whose restriction to 
the subgroup P 1 (/3,2l) contains the character 8. 

Let 2L be order in End^^) induced by 21; that is, the image of the subring 
of 21 that preserves Vi in EndF(l^)- Then conjugation by E x stabilizes 2li and 
2li fl End_E(V;) = Endo E (Li). Given these orders, the procedure at the beginning 
of |BK3j . 7.2 constructs an order 21' in EndF(^) (this is the order denoted by 21 
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in section 7 of |BK3j .) The order 21' is contained in the maximal order 21. Set 
K' = J 

Let K-p be the preimage of P in K, via our identification of K/Ki with G. Then 
by Theorem 5.2.3 (ii) of jBKlj . there is a unique T4^(/c)[-ftT']-module k' of K 1 such 
that we have: 

Ind^ k\ K - = lna\% ) kl '. 

(Strictly speaking, this is proved in jBKlj over an algebraically closed field of charac- 
teristic zero, rather than over W(k); in the proof of |Vlj . III. 4. 21 Vigneras observes 
that the same result holds for the ^(^-representations we use here.) Over /C, 
the representation k' can alternatively be described, up to twist, in the following 
way: the character 9 gives rise to an endo-class of ps-characters (0,0,/?) in the 
sense of |BK3j . section 4. Then (O,0,/3) in particular give rise to a character 9' 
in C(2t',0, ft). From this perspective k! is a /3-extension of the unique irreducible 
representation of J 1 (/3, 21') whose restriction to H 1 (ft, 21') contains the character 9' . 

We now apply the construction of jBKlj . 7.2 to the representation k' . That is, 
let K" be the subset {Jift^nP^ift,^'); it is shown in jBKl] . 7.1 and 7.2 that 
K" is a group, and that the K' n [/-fixed vectors in k! are stable under K" . Thus 
these fixed vectors give a representation k" of K". Let Km be the intersection 
K" n M, and let Km be the restriction of k" to Km- We then have the following: 

Lemma 6.5. The pair (K" , k") satisfies the conditions (7.2.1) of [BK3j . Explicitly: 

(1) The restriction of k" to i/ 1 (/3,2l') is a multiple of 9' . 

(2) The representation k" is trivial on K" D U and K" n U° . 

(3) T/ie group Km is the product of the groups K{ = K n Mj, and £/ie rep- 
resentation km is a tensor product of irreducible representations ki of Ki 
for each i. Moreover, the subgroup Ki of Mi is equal to J(/?,2li), and each 
ki is a ft-extension of the unique representation of J 1 (ft , 2lj) whose restric- 
tion to iJ 1 (/3,2li) contains the element 9i of C(2li, 0, ft) determined by the 
ps-character (0, 0, ft) . 

Moreover, the map: 

Indj£, k" -> k' 

(obtained by Frobenius reciprocity from the realization of k" as the UnK" -invariants 
of k! ) is an isomorphism. 

Proof. The first claim follows from jBKlj . 5.1.1 and our description of k" as a ft- 
extension. The second is clear from the construction of k" . The decomposition 
of k as a tensor product of ki is jBKlj . 7.2.14, as is the fact that each ki is a ft- 
extension (the necessary intertwining property on the k i is verified as part of jBKlj , 
7.2.15.) The fact that the characters 9i are the ones claimed in the theorem follows 
from [BK1] . 7.1.19. The isomorphism is [BKl] . 7.2.15. □ 

Let Si be the projection of s to Mf, then Si is a semisimple element of M, 
with irreducible characteristic polynomial. As Ki contains J 1 (/3,2li) as a normal 
subgroup, and the quotient is naturally isomorphic to Mi, we may regard the 
cuspidal representation St Si of Mi as a representation of Ki. We set r, = ki ® St Si ; 
the pair (Ki,Ti) is then a maximal distinguished cuspidal type in Mj. Let tm 
be the tensor product of the r^; it is then a representation of i^M, and we have 
t m = kM® St J* , where St -p- is the tensor product of the cuspidal representations 
St Si . The pair (Km,t~m) is a maximal distinguished cuspidal M-type. 



24 



DAVID HELM 



On the other hand, by construction, the quotient of K" by J (f3, 21') is naturally 
isomorphic to M. We can thus regard Stjj as a representation of K", and form the 
representation t" = K"®St^j g . Consider also the representation T-p = k\K—<3Stjj s , 
where we regard Stjv/ iS as a representation of K-p via the surjection 

Kp^P^ M. 

We then have: 

Theorem 6.6. The pair (K",t") is a G-cover of (Km,t~m)- Moreover, there are 
natural isomorphisms: 

c-Ind^V = c-Ind^T-p 

c-Ind^-*, t" = c-Ind®* k®I s . 
where we regard I s as a representation of K via the surjection of K onto G. 

Proof. We have verified that (K",k") satisfies the list of properties in [BK3j . 
7.2.1. In particular, if one applies the procedure of }BK3) . section 7.2 to the type 
(Km,tm), one arrives at the representation (K",t"). Thus (K",t") is a G-cover 
of (Km,tm) by Theorem 7.2 of [BK3| . (Notice that the procedure given there in 
particular applies to the type (Km, tm) because we have verified that each of the 
types (Ki,Ti) arises from the same endo-class (6,0, f3) of ps-charactcr.) 

Whenever we have H' a subgroup of H, and representations A of H and A 1 of 
H' , we have a general identity: 

Indg, A\ H , ®B = A® Indg' B. 

It follows from this and the isomorphism: 

k' = Indf ',, k! 

that we have an isomorphism: 

c-lndj* t" = c-lndj* r', 

where r' = k' ® St^j . (Recall that the surjections of K' and K" onto M are com- 
patible with the inclusion of K" in K', so we can regard Stjj as a representation 
of K' here.) 

Next, the isomorphism: 

y i(a') x / ~ t i( a ') x i 
Ind^, k = Ind^_/ k\k t 

induces an isomorphism: 

Ind^PV-IndgV-p 

Finally, we have an isomorphism: 

Ind'^_ k\ Kjt ® S% s = Ind^ X n®I s 

obtained by inducing the previous isomorphism from (21') * to 21 x and applying the 
tensor product identity. □ 

The maximal distinguished cuspidal type (Km, tm) gives rise to a unique inertial 
equivalence class of cuspidal representations of M; let tt be an irreducible represen- 
tation of M over /C that lies in this inertial equivalence class (or equivalently, that 
contains the type (Km, tm)-) We then have: 
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Corollary 6.7. The JC[G]-modules c-Ind^- k ® I s and c-Ind^- k <g> St s are objects of 
Rep^(G) (Mi7r ). 

Proof. Theorem 16.61 implies that we have an isomorphism: 

c-Ind^ k®I s = c-Ind£„ t" . 

As (K",t") is a G-covcr of the maximal distinguished cuspidal type (Km,t~m), it 
follows immediately from jBK2j . Theorem 8.3 that c-Ind^// t" lies in Rep^-(G) (m,k) ■ 
As for c-Ind^ fc(X>St s , note that, by definition, St s is the (unique) generic summand 
of I s , and so the this /C[G]-module is a direct summand of the first. □ 

We now turn to the question of understanding the Hccke algebra H (G, K 1 K<g>St s ), 
or equivalently the endomorphism ring End^r G i (c-Ind A ^ K®St s ). The isomorphisms 
of Theorem 16.61 induce isomorphisms: 

H{G,K",t") S H{G, (2l') x ,Ind^,', )X r") 

H(G, K T , rp) = H(G, (21') x , Ind^? X r") 

These isomorphisms are compatible with support in the sense that an element of 
one of the left hand Hecke algebras supported on a double coset K"gK" or K^pgK-p 
gets set to an element of the right hand Hecke algebra supported on (21') x 5(21') x . 

Wc would like to use this observation to compare the spaces H (G, K", T")K" g K" 
and H (G, K-p, Tp)K-pgK-p for various g in G. 

On the one hand, the space H(G, K" ,t") is well-understood; the discussion in 
section 1 of |BK3] shows that it is a tensor product of affinc Hecke algebras. More 
precisely, recall that M is the subgroup of G consisting of endomorphisms of V 
that preserve each summand Vi of V, and let Z be the subgroup of M consisting 
of elements that act by a power of we on each Vi. 

Choose a maximal torus Tg of GLj^(S), and let T be its reduction mod we- 
Then T is a maximal torus of G; we assume it is contained in M. Let W(G) be the 
Weyl group of G with respect to T. The choices of Te and T give an isomorphism 
of W(G) with the Weyl group of GL^(E). 

Now choose a maximal torus Tp of G. We will say that Tp is compatible with Tp 
if every Te stable line in F n is a union of Tp-stable lines. A choice of Tp compatible 
with T E identifies the Weyl group of GL^(E) with a subgroup of W(G), and thus 

lets us consider W(G) as a subgroup of W(G). In what follows, whenever we have 
a trio of groups G, GL_n, (E), G, we will choose maximal tori of these groups related 
in the sense described above, and implicitly make the corresponding identifications 
on Weyl groups. 

Let Wjj be the subgroup of W(G) normalizing M, and let Wjt{s) be the sub- 
group of Wjj consisting of w such that wsw^ 1 is Ai-conjugate to s. If Wm is the 
subgroup of W(G) normalizing M, we can identify Wjj with a subgroup of Wm- 
Then H(G, K", t") is supported on the double cosets K"gK" for g in W JT (s)Z, 
and each H(G,K" -,t")k" g K" is a one-dimensional /C-vector space. (Observe that 
if w,w' are in Wjj(s), and z,z' lie in Z, then K"wzK" = K"w'z'K" if, and only 
if, z = z' and w~ 1 w' lies in W(M).) 

Moreover, if we write the characteristic polynomial of s as a product of irreducible 
polynomials f[ ni ...f" lr , with deg/j = dj, then the quotient of W M -(s) by the 
subgroup W(M) of Wjf(s) is a product of permutation groups Wj = S mj , where 
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Wj permutes the "blocks" of s with characteristic polynomial fj . If wc let Zj be the 
subgroup of Z consisting of elements that are the identity away from those blocks, 
then Zj is a subgroup of Z invariant under the conjugation action of Wjj(s), and 
the conjugation action of Wjj(s) on Zj factors through S m .. Moreover, WjZj is a 
subgroup of GL„, and the subspace Hj of H (G, K" , r") supported on cosets of the 
form KgK for g in WjZj is a subalgebra of H(G, K" , t") isomorphic to the afhnc 
Hecke algebra H(qf dj ,rrij). (This isomorphism depends on certain choices and is 
therefore not canonical; we refer the reader to [BK1] , 5.6, for its construction.) 

The algebra H(G, K" , r") is then the tensor product of the Hj. Moreover, 
the map from H(q^ dj ,nij) to Hj is compatible with supports in a certain sense. 
Specifically, we have a natural isomorphism of H(qf dj ,rrij) with iJ(GL m .(£?'), /), 
where E' is the unramified extension of E of degree dj, and / is the standard 
Iwahori subgroup of GL m .(£"). We may embed GL m .(E') in Mj in such a way 
that the image of GL m . (Oe') is equal to the intersection of 21 with the image of 
GL mj (E'), and so that the maximal tori of Mj and Mj n GL_™, (E) arising from Tp 
and Te are compatible with the standard maximal torus of GL mj (E'). Then the 
reduction mod we of GL mj (Oe>) is a subgroup of Mj isomorphic to GL mj (F^- ) ; 
we assume we have chosen our embedding so that the standard maximal torus of 
GL mj (Fydj ) is contained in the Levi M Sj . (This makes M Sj the minimal split Levi 
containing the standard maximal torus of GL TOj . (F ^ ).) 

This embedding allows us to identify Wj with the (standard) Weyl group Wj of 
GL mj {E'). Our choices identify Zj with a subgroup Z'j of the diagonal matrices in 
GL nlj (E'), and then GL mj (E') is a union of double cosets Iw'z'I, with w' in Wj 
and z' in Z'j. The identification of H(qf dj ,mj) with ifj then takes the subspace 
H (GL mj (£")i I) iw'z'i to H(G, K" ,t")kwzKi where w and z are the elements of 
Wj and Z'j corresponding to w and z. 

For each j, the Hecke algebra H(qf dj ,rrij) contains a subalgebra isomorphic to 
IC[Zj], via the construction of section 3 of jLuj . By jLuj . 3.11, this isomorphism 
identifies TC[Z'j] i with the center of H(qf d i,m,j). Taking the tensor product over 
all j, and composing with the isomorphisms of H(qf dj ,mj) with Hj gives an iso- 
morphism of K,{Z] w mW w ith the center of H{G, K" , t"). 

As (K",t") is a G-cover of (Km,t~m), we have a map 

T : H{M, K m ,t m ) -)• #(G, if", r") 

that is not (in general) support preserving, but that fits nicely into the above 
picture. In particular, as (Km,t~m) is a maximal distinguished cuspidal M-type, 
our choice of irreducible representation ir of M containing tm gives rise to an 
isomorphism: 

(1CIM/M }) H = H(M,K m ,t m ). 
Here, as in Remark 14.31 we view ]C[M/Mq] as the ring of regular functions on the 
torus Hom(M/Mo, /C), and H is the subgroup of this torus consisting of characters 
X of M/Mq such that ir <E> \ is isomorphic to tt. The action of an element / 
of H(M, Km,t~m) on an irreducible representation ir' inertially equivalent to n is 
then given by choosing a character \ such that n' = ir ® \, and evaluating the 
element of lC{M/Mo] H corresponding to / at x- The inclusion of Z in M defines an 
isomorphism of Z onto (M/Mq) h , so we have an isomorphism of H(M,Km,t~m) 
with K\Z\. 
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Conjugating by elements of Wjj(s) permutes the space of representations of M 
inertially equivalent to 7r, and thus defines an action of Wjj-(s) on K\Z\. This 
action depends on the choice of 7r; we may choose n so that it is invariant under 
conjugation by Wjj(s). For such a tt, the action of Wjj-(s) on K,[Z] is simply by 
permuting the factors Zj. 

A choice of such a 7r yields an embedding of K[Z] into H(G,K",t"). More- 
over, any such 7r determines, for all j, a unique support-preserving isomorphism 
H(qf dj , raj) = Hj of the type described above, such that the diagram: 

K[Z] = K[Z] 

I I 
<g>, //; </•'"' .in,) -> H{G,K",t") 

commutes. (Conversely, for any such collection of isomorphisms there is a corre- 
sponding W / jj(s)-invariant n.) 

Our next step is to translate this detailed structure theory for H(G, K" , t") into 
a corresponding theory for H(G, Kp,Tp), via the isomorphisms of Theorem 16.61 
To do so we must study the intertwining of Tp and of r. 

Lemma 6.8. Let P be the preimage of P under the map 

GL_n(0 B )^GL^(]FV). 

(1) Let £ be a W(k) -representation of K trivial on K±, and let g be an element 
of G that intertwines k®^. Then g lies in K GL^ (E)K . Moreover, if g lies 
in GL™(E), then g intertwines £ when £ is considered as a representation 
o/GL-n, (Oe) inflated from GL_™.(F g / ), and there is a natural isomorphism: 

J 9 (/s®£) S J 9 (R)®I fl (£). 

(2) Let ^ be a W(k) -representation of Kp trivial on K\, and let g be an element 
of G that intertwines Then g lies in KpGLj^(E)Kp. Moreover, 
if g lies in GLj^(E), and then g intertwines £ when £ is considered as a 
representation of P inflated from P, and there is a natural isomorpism: 

Proof. Case (1) is almost precisely |BKlj . Proposition 5.3.2, except that the coef- 
ficient space here is W(k) rather than C. In spite of this the argument of |BKlj 
adapts without difficulty, and the argument in case (2) is identical. □ 

Corollary 6.9. Let g be an element of G that intertwines Tp. Then g lies in the 
double coset KpGL n (E)Kp. Moreover, if g lies in KpWjj(s)ZKp, then I g (jp) is 
one- dimensional. 

Proof. The previous lemma shows that g lies in Kp GL^ (E)Kp, so the first state- 
ment is clear. For the second statement, it suffices to consider g in Wjt(s)Z. For 
such g, Ig{vp) is equal to Z s (St]rj ), where Stjjj is considered as a representation 
of the parahoric subgroup P of GL j^(E) inflated from M. We thus have 

*tf(S%,.) = H omp nff p g -i(S% s , St^J. 

It is easy to see that for g in Wjj{s)Z , we have a surjection 

PDgPg- 1 ->M 
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induced by the surjection of P onto M, and that the representations St-^y s and 
St|y , when considered as representations of P n gPg^ 1 , are both inflated from 
St-j^j via this surjection. The result follows. □ 

As a result we obtain: 

Proposition 6.10. The isomorphism: 

H(G, K", t") * H(G, Kp, T-p) 

of Theorem \ 6.6\ is support-preserving, in the sense that for all g in GLjl(-E), it 
induces an isomorphism: 

H(G, K", T")K"gK" — H(G, Kp-, Tp-) Kj - gKl -. 

Proof. For any g in G, we have an isomorphism: 

®H(G,K",T")K»g>K» = H(G,{%'r,c-lnd { *T r") (a0 x ff(a0 x 
g' 

where g' lies in a set of representatives for the double cosets K" g'K" in (21') x g(2l') x . 
An easy calculation shows that if g and g' lie in Wjf(s)Z, and 

(21') x . 9(21') x = (2l') x .g'(2l') x , 
then K"gK" = K" g'K" and K T gK T = Kp-g'Kp. As H{G,K",t") is supported 

on K"W JT (s)ZK", it follows that H(G, (2l') x , c-Ind^ 1 ,?* r") is supported on the 
double cosets (2l') x W^ 7 (s)Z(2l') x . Moreover, each H(G, K" ,t") K " 9 K" is one- 
dimensional for g in Wjj(s)Z. It follows that H{G, (2l') x , c-Ind^',,'' i"")( a /)x g ( a /)x 
is as well. 

On the other hand, for g in G we also have an isomorphism 

H{G, K T , Tp) K - g , K - - H(G, (21') x , c-Ind£ )X Tp) m * g(W )x , 
g' 

where g' runs over a set of representatives for the cosets K-pg'Kp- in (2l') x .g(2l') x . 
For g in Wj^-(s)Z, the right-hand side is one-dimensional, and the summand on 
the left corresponding to g' = g is also one-dimensional. On the other hand, if 
g doesn't lie in (2l') x W r ^j-(s)Z(2l') x then the right hand side is zero, so all of the 
summands on the left vanish as well. It follows that H(G,K-p,T-p) is supported 
on K-pWjj(s) Z K-p, and that for g in Wjj(s)Z, the isomorphisms above identify 
H(G, Kp, Tp) K - gK - with H(G, K" , T n ) K n gK „ as required. □ 

Finally, we want to understand the relationship between H(G, K-p,T-p) and 
H(G,K,k ® St s ). As St s is a direct summand of c-Ind^ k ® St s is a direct 
summand of c-Ind^ ft <8> I s . In particular any central endomorphism of the latter 
commutes with the projection onto c-Ind^ k ® St s , and thus induces an element 
of H(G,K, k <g> St s ). On the other hand, such central endomorphisms are central 
elements of H(G, K-p, T-p), and hence of H (G, K" , r") via the isomorphisms of The- 
orem 16.61 Our description of the center of H (G, K" , r") as K[Z] W ~^ thus yields 
a support-preserving map: 

H(G, K, k O St.). 

(Indeed, we know that K.[Z] w ^ sS> is the center of the category Rep^(G)M,7r, so this 
map is simply the map that gives the action of the Bernstein center on the space 
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c-Ind^- k £g> St s .) The support and intertwining calculations we have done, together 
with analogous calculations for H(G,K,k (g) St s ), will allow us to show that this 
map is an isomorphism. Injcctivity is straightforward: 

Proposition 6.11. The map Z(H(G, K,k® I s )) — > H(G, K,k® St s ) is injective. 

Proof. As c-Ind^ k ® St s is a direct summand of c-Ind^- k® I s , any endomorphism 
of the former extends by zero to an endomorphism of the latter. This allows us 
to view H(G,K,k ® St s ) as a submodulc of H(G,K,k I s ); from this point of 
view the claim is that this submodule is not annihilated by any nonzero element 
of Z(H(G,K,k ® Ig)). But H(G,K,k ® I s ) is a tensor product of affine Hecke 
algebras; in particular (for instance, by Bernstein's presentation of H(q,n) jLuj ) . it 
is free over its center and its center is a domain. Thus no element of H(G, K, k(£>I s ) 
is annihilated by any element of the center of H(G, K,k<8) I a ). □ 

In light of this injectivity, we can prove that the center of H(G,K,k g> J s ) is 
isomorphic to H(G, K, K<2)St s ) by comparing the dimensions of H (G, K, k®St s )KgK 
and Z(H(G, K, k®I s ))KgK for a suitable set of g. Fix an element g of MflGL » (E). 
For such a g, let P g be the image of gGL^,(0 E )g^ 1 n GL^(O e ) in G. Then P g 
is a parabolic subgroup with unipotent radical U g , and Levi M g . 

Let P g be the parahoric subgroup g GL_", {C>E)g~ 1 f~l GLj^(Oe), and observe 
that g~ 1 P g g is the preimage of the opposite parablic P° g in GL^(Oe)- Let U g 
be the preimage of U g in P g ; then for any u in U g , the conjugate g ug reduces 
to the identity in G. The conjugation map P g — > g~ x P g g thus descends to a map 
M g — > M ff ; we say g is M g -central if the resulting automorphism of M g is trivial. 
It is clear that for any g, there exists a k in GLj^{Oe) such that gfc is M s -central. 
We then have: 

Lemma 6.12. Let g be an element o/MnGL » (E), and let £ &e a M / (fc)[G]-modMZe 
considered as a module over W(k)[GLjL, (Oe)} by inflation. Then I g (£) is free of 

rank one over End^^^^j (r^). Moreover, if g is M g -central, we have a natural 
isomorphism: 

I g (£)^End w(km (r§0. 

Proof. By definition, I g (£) = Hom^^-jrp ^ (£, £ 9 ). Note that for u in U g , the element 
g _1 gu acts trivially on £. Thus u acts trivially on £ 9 . In particular any element of 
ig(£) gives rise to a map: 

Hom W(fc)[P g ]( r J^4^ 9 )- 

Conversely, any such map gives rise to an element of I g (^)- (Here we are identifying 
the Z7g-invariants of £ with the JTg-coinvariants via the natural map from invari- 
ants to coinvariants. Moreover, the representation J"^ 9 £ is a representation of M g 

considered as a representation of P g by inflation.) As conjugation by g descends to 

— ~p ~P 

an inner automorphism of M„, r— s £ 9 is isomorphic to r— s £, and we can take this 

isomorphism to be the identity when g is Af ^-central. The result is then clear. □ 
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Let z be an element of Z. Then our fixed maximal torus of G is a maximal torus 
of of M g . Recall from the previous section that we have defined W(M, M z ) as the 
set of w in W(G) such that wMw -1 is contained in M z . 

Proposition 6.13. The spaces H(G,K,k ® St s ) and H(G,K,k (g> i^St^J are 
supported on KZK. Moreover, for z in Z , we have: 

H(G, K, k <g> I s )kzK = X,(ft) <8 Endjc^Ce^/^^^-O 
H{G,K,k®St s ) KzK S ^(^OEnd^^^©^ St^^^^-x) 

where w runs over a set of representatives for W(M Z )\W(M, M z ), and w' runs 
over a set of representatives for W(M Z )\W(M, M z )/Wjj-(s), 

Proof. By Lemma [6.81 it suffices to compute the spaces I Z (I S ) and I 2 (St s ). Note 
that for any z in Z, it is clear that z is M z -central. The result is thus immediate 
from Lemma 16.121 together with Propositions 15.31 and 15.51 □ 

Corollary 6.14. For z S Z, the dimension of H{G, K,k® St s )KzK is equal to the 
cardinality of W(M Z )\W(M, I 2 )/%(s) . 

Proof. The modules St-p- ^^-i and Stjj^ r w n s r w '\-i are isomorphic if, and only if, 
w and w' represent the same class in W(M Z )\W(M, M z )/Wjj(s). It follows that 

dim^End^^St^^) = #W{M Z )\W(M,M Z )/W w {s) 

and the result follows by Proposition 16. 131 □ 

It remains to compute the dimension of the subspace of the center of H(G, K, K(g> 
J s ) supported on KgK. As this Hecke algebra is a tensor product of Iwahori Hecke 
algebras, we first observe: 

Lemma 6.15. Let H(m,q d ') be the Iwahori Hecke algebra H (GL m (£?'), /), where 
E' is an unramified extension of E of degree D and I is an Iwahori subgroup of 
Gh m (E'). Then for any g S GL m (E'), the subspace of central elements of H(m, q d *) 
supported on the union of the double cosets Iwgw'I, for w, w' in the Weyl group of 
GL m (E'), is one-dimensional. Moreover, the sum of these spaces as g varies is the 
entire center of H(m,q d f). 

Proof. This is presumably well-known. Let J be a maximal compact of GL m (E) 
containing /. Then the induction c-Indj 1 contains the trivial character of J, and 
so c-Indj 1 "" 1 ''^ 1 is a direct summand of c-Ind^ Lm< '' E ' > 1 = c-Ind j Lm c-Ind/ 1. In 
particular the center of H(GL m (E), I) preserves the summand c-Indj Lm< -' E ' > 1; this 
gives a support-preserving map from the center of H (Gh m (E) , I) to the spherical 
Hecke algebra H(GL m (E), J). (This map simply gives the action of the center 
of the unipotent block on c-Ind ( ^ Lm( ' £ ''' 1.) One verifies easily that the center of 
H(GL m (E),I) acts faithfully on c-Ind° Lm(£;) 1 and that every endomorphism of 

c-Indj mW 1 arises from the action of the center. Wc thus have a support preserv- 
ing isomorphism of this center with H (GL m (E) , 1), and the result is immediate. □ 

Fixing an isomorphism of H(G 1 K-p, rp) with a tensor product of Iwahori Hecke 
algebras (as in the discussion preceding lemma Wl8\ ) we obtain: 



THE BERNSTEIN CENTER 



31 



Corollary 6.16. For any z in Z, the space of central elements of H{G,Kp,Tp) 
supported on the union of double cosets of the form Kpwzw ' Kp with w, w' in 
Wjj(s) is one-dimensional. Moreover, the sum of these spaces as z varies is the 
entire center of H{G, Kp, Tp) . 

Theorem 6.17. The map: 

K[Z] W -( S) = Z(H{G, K T , Tp)) -> H(G, K,R® St.) 

is an isomorphism. 

Proof. We have already shown that this map is injective; in light of the previous 
lemma it thus suffices to show that for z in Z , the space of central elements of 
H{G, K,k® I s ) (or equivalently, H(G, Kp, Tp)) supported on a double coset KzK 
has dimension equal to the cardinality of W(M Z )\W(M, M Z )/Wjj(s). 

The support-preserving isomorphism of H (G, Kp, Tp) with the tensor product 
of the spaces H{mj,qf) shows that, for z in Z, there is a one-dimensional subspace 
of Z(H(G, Kp,Tp)) supported on double cosets Kpwzw'Kp, for w,w' in Wjj{s). 
If z and z' lie in Z, the collection of double cosets {Kpwzw'Kp} coincides with 
the collection {Kpwz'w' Kp} if, and only if, z = wz'w -1 for some w in Wjr(s). 

The central elements of H(G,Kp,Tp) supported on KzK are the (direct) sum 
of those supported on the collections {Kpwz'w' Kp] for those z' in Z such that 
KzK = Kz'K. 

Let z and z' lie in Z, and suppose that KzK = Kz'K. Then there exists an 
element w' of W(GL^ (E)) = W(G) such that z' = (w')~ 1 zw'. As both z and z' lie 

in Z, the group M is contained in both M z and M z >. We have M z * = (w')~ 1 M z w' , 
and thus it follows that w' M(w') is contained in M z . In particular u>' lies in 
W(M, M z ). Note that w' is determined by z and z' up to left multiplication by an 
element of W(M Z ). 

It follows that the distinct collections of cosets {Kpwz'w' Kp} for z' such that 
KzK = Kz'K arc in bijection with W(M Z )\W(M, M z )/W w {s), and each such 
collection contributes a one-dimensional space to the subspace of Z(H(G, Kp, Tp)) 
supported on KzK . The result follows. □ 

7. Structure of Endg ^Pk,t) 

Our next step will be to understand the endomorphism ring End^(fc)[G] {Vk,t) = 
H{G,K,V Km ). 

To simplify notation, let E a be the ring Eindw(k) [K] ^Pa)-, and let Ek.t be the ring 
End^(fe)[c] (Vk,t)- By Proposition l5.8l E a is a reduced commutative W / (fc)-algebra 
that is free of finite rank over W(k). 

Fix a finite extension K! of /C sufficiently large that every map E a — > K, factors 
through K! . We then have a decomposition 

V a ®K'= St., 

s:s re S=s' 

where s' is the ^-regular semisimple element of G corresponding to the representa- 
tion a. This yields a decomposition: 

V k ,t ®K' = c-Ind^ k ® St s . 

s:s ro g=s' 
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Proposition 7.1. Let g be an element of G that intertwines Vk,t- Then g lies in 
KGLj^(E)K, and we have a direct sum decomposition: 

Ig(V K ,r) ® K' = I fl («®St a ). 
s:s re S— s' 

Moreover, if g lies in GL^ and is M g -central, then there is a natural isomorphism: 

I 9 {Vk, t ) S !„(«) ® End w(fe)[I7g] (rJ'P CT ). 

Proof. Every statement other than the decomposition is a direct consequence of 
Lemma 16.121 As for the direct sum decomposition, the decomposition: 

P a ®K'= St., 

s:s re S=s' 

yields a decomposition 

r§r a ®tC'= rfst.. 

s : s rc g=s' 

From Proposition 15.31 we see that no two irreducible summands of the right hand 
side are isomorphic to each other, so any endomorphism of the right hand side 
preserves each of the summands. We thus have a decomposition: 

End W(fc)[M s ]( r J 9 ^) = End lV(fc)[I7 g ]( r J 9 St «)- 
s:s TC S=s' 

Tensoring both sides with I g (k) yields the desired result. □ 
Corollary 7.2. The action of Ek.t ®KJ on the direct sum decomposition 
Vk.t ® K! = c-Indf k ® St s 

S:s Ie S=s' 

preserves each summand, and thus yields an isomorphism: 
E K>T ®TC<^ Yl H(G,K,k(E)St s ). 

s:s rc g=s' 

In particular Ek,t is reduced, commutative, and t-torsion free. 

Proof. The direct sum decomposition follows immediately from Proposition 17.11 
by summing over the elements supported on KgK for each g. The embedding 
follows from the absence of ^-torsion in Ek.t (which is immediate from the fact 
that Vk.t is projective.) Reducedness and commutativity of Ek,t then follow from 
the corresponding results for H(G, K,k® St.). □ 

In what follows, it will be necessary to understand families of cuspidal represen- 
tations of Ghi(F) for various i, all of which have supercuspidal support incrtially 
equivalent to some power of a fixed supercuspidal representation over k. Fix an 
integer n\, and let (Ki,t\) be a maximal distinguished supercuspidal fc-type for 
GL ni (F). We have t\ = K\ ® o~\, where o~\ is the supercuspidal representation 
of GL^i (¥ q f) attached to an ^-regular element s[ of GL»i (F g /) with irreducible 
characteristic polynomial. 

Recall that e q f is the order of q* modulo I, and let m lie in {1, e q s , le q s , £ 2 e q f ,...}. 
For precisely such m, the generic representation o~ m of GL "p™ (¥ q f ) corresponding 

to a block matrix consisting of m copies of s^ is cuspidal. 
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For such to we may also define a representation K m of a suitable compact open 
subgroup of GL nim (F). The data giving rise to the type (Ki,n) consist of an 
extension E of F of ramification index e and residue class degree /, a stratum 
[2li,n,0,j9], with E = F[/3], and a character 9 in C(2ti,0,j9). Then 9 gives rise 
to an endo-cquivalcnce class (O,0,/3). Let 2l m be the maximal order M m (2li) of 
M nim (F); then the endo-class (0, 0, j3) gives rise to a compact open subgroup K m 
of GLi nim (F) and a representation K m of -ftT m . Let r m = K m ® cr m ; then (K m , K m ) 
is a maximal distinguished cuspidal fc-type in GL„ im (i 7 '). (Note that K m is only 
well-defined up to certain twists; we will pin these twists down precisely later on.) 

Moreover, if m is an irreducible representation of GL ni (F) containing (Ki,n), 
then for any m, and any irreducible representation tt of GL„ im (i 7 ') containing 
(K m ,T m ), the inertial supercuspidal support of tt is given by irf m . Conversely, 
if 7r is any irreducible cuspidal representation of GL nim (F) with inertial supercusp- 
idal support irf m , then m lies in the set {1, e q f, £e q f ,...}, and tt contains (K m , r m ). 
(This follows from the theory of Zelevinski parameters in |V2j , section V) . 

We now define a partial order ^ on the collection of all irreducible cuspidal k- 
representations of GLi(F) (for all i). Let tt be an irreducible cuspidal representation 
of GLjj(F) over k, and let tt' be an irreducible cuspidal fc-representation of GLi(F). 
We say that tt' ^ tt if there exists a parabolic subgroup P — MU of GLij (F), and an 
irreducible cuspidal representation tt' m of M that is inertially equivalent to (tt')®! , 
such that tt is isomorphic to a Jordan- Holder constituent of ipTr' M . Note that if 
tt' ^ tt, then the inertial supercuspidal supports of tt' and tt are given by (different) 
tensor powers of the same supercuspidal representation. In particular, if tt contains 
(K m ,T m ), and tt' is any cuspidal representation comparabile to tt, then tt' contains 
(K m * ,T m i) for some to'. Moreover, it will follow from later work (particularly, 
Theorem 17.41 below) that in this case tt' ^ tt if, and only if, m' < m. Wc will say 
that tt' (rcsp. to') immediately precedes tt (resp. to) if to' < to, and there are no 
elements of {1, e q s , £e q f , . . . } strictly between to' and to. 

For each to, let G m be the group GL„ im (F) and let G m be the group GL^ (F cy / ) . 
Our next goal is to give a set of isomorphisms of H(G m , K m , k m ® St s ) with ap- 
propriate rings of invariants that is normalized across all the types (K m ,T m ) in 
a systematic way. For each semisimple conjugacy class s in G m with ^-regular 
part (s'i) m , let M s be the minimal split Levi subgroup of G m containing s; let 
M s be the corresponding Levi of G m , and let Z s be the subgroup of the center of 
M s n GL "i^" (E) consisting of diagonal matrices whose entries are powers of we- 

For i = 1, . . . , to, we have elements 9i tS of W(k)[Z s ] WTT ^ s \ defined by taking 9i tS 
to be the sum of the elements of Z s whose characteristic polynomial (as an element 

of GL "im (E)) has the form (t — vje)~*T (t — 1) ^ . Note that 9 m s is invcrtiblc. 

Of particular interest to us will be the subgroups corresponding to s = (s^) 7 ™; 
we denote these by Mo, m , Mo, m -, and Zo, m - For i between 1 and to, let Zi jm be an 

element of Zo tm with characteristic polynomial (t — vde)~ (t — 1) °* • 

Fix, once and for all, an absolutely irreducible integral supercuspidal represen- 
tation TTg^ of GL ni (F) containing (K\,Ki <E) St^). Our first goal is to construct, 
for each m S {1, e q j ,le q s , . . . }, and each irreducible conjugacy class s in G rn such 
that s rog = (s'i) m , an absolutely irreducible cuspidal representation tt s of GL nim (F) 
containing (K rn , k m ® St s ). 
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We proceed as follows: note that (K m ,k m ® St s ) is a maximal distinguished 
cuspidal /C-type. In particular H(G m , K m ,k m ® St s ) is isomorphic to /C[0 ±:L ], 
where is an element of H(G m ,K m ,k m <£> St s ) supported on K m z miTn K m . We 
have an isomorphism: 

H(G m ,K mi k m ®St s ) KmZmmKm = Iz m>m (Km) ® En <%[G m ](St s ). 

We also have an isomorphism: 

H(G m ,K m , K m <g> St^m) KmZm<mKm = 4m,m(«m) ® End ]C[G,„] ( St K ) m ) " 

Let 7r( s £)m be the cuspidal representation nf,™ 1 of Af( a j)m. Such a choice gives an 

isomorphism of H(G m , K m ,k m ® St^'jm) with JC[Zo tm ] WM °> m ! the element 

z„ im of lC[Zo tTn ] maps to an element of H(G m , K m , k m ® St( s ^)m )if mZm m K" m ■ This 
element has the form ® 1 for some (f> £ Iz m m (^-m), where we regard 1 as the 
identity endomorphism of St( s ' )n». 

We may then consider the element </> (£) 1 of J Zm m (k) ® End^-p i(St s ). This 
gives us an element 9 of H(G m , K m , k <g) St s )K mZm , m K m - There is then a unique 
irreducble cuspidal representation ir s of G m over K that contains (K m , k ® St s ), on 
which 8 acts via the identity. Note that 7r s is integral. 

We will refer to the family of cuspidal representations tt s as the compatible family 
of cuspidals attached to our choice of ir s > . The dependence on the choice of 7T/ S i ) is 
mild; indeed, replacing 7T( S / ) by an unramified twist tt( s ' 1 ) d> (x det) simply twists 
each ir s by x det as well. 

For each to, and each reducible conjugacy class s in G m , we define an irreducible 
cuspidal representation tt s of M s , by taking 7r s to be the tensor product of the 
cuspidal representations ir Si defined above, where the Si are the irreducible factors 
of s. 

Our next goal is to construct elements of £jf miTm whose action on each summand 
of VK m ,T m ® & can be understood explicitly. We will show: 

Theorem 7.3. For each m, there exists a subalgebra Cpc m ,T m of ' Ex m ,T m , generated 
over W(k) by elements Oi jm , . . . , ® m ,m and (Q m ,m) > such that for any s with 
g reg _ (^s' 1 ) Tn l the composed map: 

C Km , Tm A M ^ e S^ S ]% S W 

takes Qi, m to 6^ s - (Here the left-hand map is the map giving the action of Ex m ,T m 
on the summand (VK m .T m ®fc)M 3 ,Tr, ofVK m .T m ®fc, and the right-hand isomorphism 
is normalized by the choice of pair (M s ,tt s ).) 

Note that this property characterizes the ©i,™ uniquely. We will construct the 
@i i?n via an inductive argument. The case to = 1 is easy: we have an isomorphism 

H(G 1 ,K 1 ,Ki®V< Tl ) Kl zi, 1 K 1 = 4i,i(«l) ® End W(fe)[G!](^i)- 

We define 0^1 to be the unique element of the form <f> <g) 1, for some <f> in I Zl l (ki), 
that acts on the quotient 7T( S ^ of "Pki,ti ® via the identity. It is clear from our 
construction of the ir s that this ©1,1 has the desired property. 

We now turn to the inductive part of the argument. This will proceed via a G- 
cover argument, along the lines of the construction in section[6l Let to' immediately 
precede to, and set i = 3- Let V m > be the F- vector space on which G m > acts, and 
identify V m with the direct sum of j copies V m ^i, . . . , V m \j of V m i. Let M be the 
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Levi subgroup of G m preserving this direct sum decomposition, and let P be the 
parabolic preserving the flag 

V m ',i C V m ',i + V m >,2 C • • • C V m >,i + ■■■ + V m ,,j. 



The groups P = MU give rise to subgroups P = MU of G m in the usual way. 

We have maximal orders 2l m of G m and 2l m ' of G m > attached to the types 
(K m ,T m ) and {K m i,T m i). The procedure of |BK3| . 7.2 also yields an order 21^ 
contained in 2l m attached to the flag defined above. Set K' m = J(/3,2l' n ), let K'^ 
be the subgroup (J(/3,2l m ) fl P)H 1 (f3 7 QL' m ) of K' m , and let K mP - be the preimage 
of P in K m under the map from K m to G m . Then, just as in section [6] we have 
representations k' m of K' m , k'^ of K'^, and k m -p of K -p, satisfying: 

IndS 1 ' k' -= = IndS ' k' . 

-K m P m.P -K^ m 

Moreover, the intersection JCm of K'^ with M is (under the identification of M 
with a product of j copies of G m i ) equal to the product of j copies of K m > . The 
restriction Km of k^ to i^M factors as a product of j copies of a representation 
k' rn , containing a character attached to 2l m via the endo-class (6,0, (3). Thus k^, 
differs from k m > by a twist; since the k m r were only defined up to twist to begin 
with we can choose them such that all these twists are trivial. (This, finally, pins 
down k m , for all m, up to a choice of k\.) 

Finally, let Vjj denote the inflation of Vf\ from M to a representation of Km, 
and also (somewhat abusively) the inflation of V®\ to a representation of K'^ (via 
the surjection of K'^ onto P.) 

Exactly as in section [SJ wc obtain isomorphisms: 

c-Ind^ £ m <g> 7^ = c-Ind|™ _ k m p ®Vm = c-Ind^ k m ® !p m ? ff 

H(G, K'^k'L® T*m) = H(G m , K m p, k mP - ® T w ) = H(G m ,K m , k rn ® ifP w ). 
Moreover, the discussion in section [6] following Theorem 16.61 shows that these maps 
are compatible with supports. 

Theorem 7.4. The pair (if m , K m 65 Vjg) is a G-cover of (Km, Km ® Pjt)- 

The only non-obvious condition that must be satisfied is the existence of a strictly 
positive central clement A of M such that the image of 1~k m \k m under T + is 
invertible in H(G m , K^, k'^ ® Vjj). In fact, a weaker condition suffices. Suppose 
we have an invertible element x of H(M, Km, km ® T > ~m) that corresponds under 
the isomorphism: 

H(M, K M , km ® Vm) = Ef mi>Tm , 

of the form <E>iXi, where for each i, Xi is an invertible element of EK m ,, T > supported 
on K m >z% m K m i , and the Ti form a decreasing sequence of integers. Then x has 
strictly positive support. It is easy to see that if T + x is invertible, then so is 
T + 1k m xk m - for some r, x t \k m \-^Km nas positive support, and then 

(T+l KM xK M )(T + x r l KMX -i KM ) = T + x r , 

and the latter is invertible. We will show the existence of such an x in several steps. 
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Proposition 7.5. The pair (K^, ^m®^M®^-) * s a G-cover of (Km, km®V- m -®1C). 

Proof. It suffices to show this after tensoring with /C, since K, is faithfully flat over 
K,. To do this we will use the direct sum decomposition of Vjj. Let si, . . . , Sj be 
a sequence such that for all i, sj'° s = (s^) m . Then St Si is a direct summand of 
'Pa i ® K> f° r ah *; and it suffices to show that for each such sequence, the pair 
(K^, k'm <g> 0- St Si ) is a G-cover of (Km, km <8> St Si ). We will reduce this claim 
to results from section [6l 

For each Sj, let M Sj and M Sj be the Levi subgroups of G m i and G m > attached 
to the type (K m >, r m >) and the conjugacy class Sj via the construction of section [5] 
We then have a cuspidal distinguished M s -type (Km 3 . , km, . ® St^j ) , and the 

3 3 sj : 3 

results of section [S] give rise to a map: 

T s : H(M S , K M , . , H Ms . ® S% . ) H(G m ' , *w , £ m < ® £ m S% ) 

3 3 sj ) J J^ Sj . i J 

for each j. 

Similarly, let s represent the conjugacy class in G m given by the block matrix 
with blocks si, . . . , Sj. Then the construction of section [5] yields a map: 

T s : H(M s ,K Ms ,k Ms ® S% s>s ) -> H(G m , K m , k m ® Sfr^J. 
Note that we have a decomposition: 

F(M S , # Ms , km, (8 S% si J = H(M S] , lf Ms . , K Ms . ® St^ ]S . ). 

Let n, . . . , Tj be a decreasing sequence of integers, and, for each i, let Xi be an 
invertible element of H(M Si , Km s . , km 3 . ® Sfr^f s . ) supported on i^M s . ^/ m iKM, . ■ 

The image of each iEj in H(G m > ,K m i , « m ' (g> ip m St^j s .) is central and thus yields 

an element of H(G m > , K m > , k m i ® St Si ) via the map 

Let a; be the tensor product, over i, of the elements Xj. The above maps allow us 
to consider x as an element of the summand ®iH(G m i , if m ' , k m > ® St Si ) of -E^ 7 , T , ■ 
When considered in this way x has strictly positive support. It thus suffices to 
show that T + x is invertible in the summand the summand H(G m , K mi k m ® St s ) 

of E Km ,r m 

On the other hand, T s x acts on c-Ind^™ h m ® «-p m St^j s s , and preserves the 

summand c-Ind^- 7 ™ K ro (8) St s . The action of T s x on this summand coincides with 
that of T + x. As x is invertible and T s is an algebra homomorphism, it follows that 
T + x is invertible as required. □ 

As a consequence, we obtain an embedding: 

T ■ E K m ;r m , ^ H(G m ,K'm, k'L ® Par) ® £• 
Next, note that St^j ^ m is a direct summand of "P^g- ® /C, so we obtain a 
projection map of Vjj^K. onto Stjjj j s ,j„ . Let V be the image of V~m in St^j ■ 

Proposition 7.6. T7ie pair (K'^k!^ (g> £') is a G-cover of (Km, km <E> £')■ ^ n 
particular any central unit of H(M, Km, Hm ® £') wii/i totally positive support lifts 
to an invertible element of H(G, K'^k'^® L'). 
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Proof. This argument follows a similar approach to that of Proposition 17.51 The 
representation Stjj o m ( s jjm is absolutely irreducible and cuspidal; in particular its 
reduction mod i is absolutely irreducible. There is thus a unique Mo jm -stable 
lattice Lq in Sfr^ ( s nm up to homothety. 

The construction of section Ogives a maximal distinguished cuspidal Afo >m -type 
(K Mo ,t Mo ), with t Mo = k Mo ® Stxf 0i ( s ' i)m , and an M-type (K m ,t m ) with t m = 
k" M ® Stjg o («')»»> that is an M-covcr of (Km , t m )- Vigneras |V2j shows that in 
this situation, the pair {K'm, k" M ® L ) is an M-cover of (Km , k m ® -^o)- (This 
follows from [V2], IV.2.5 and IV.2.6). 

Moreover, we have an isomorphism: 

H(M, K M , k' M <g> L ) S ff(M, K M , *m ® if A))- 

(Here Po is a parabolic in M with Levi subgroup Mo.) These Hcckc algebras are 
each j-fold tensor products of (integral) Iwahori Hecke algebras H(m', qf). 

Note that r^L' is a lattice in St^ o r B >-\m and is thus isomorphic to Lq. This 
isomorphism yields a map 

if Lo -> L' 

whose image is a sublattice L of L 1 . After inverting L becomes a direct summand 
of if L , an d therefore any central element of H(M, Km, km &> if L ) preserves 
the kernel of the surjection: 

c-Ind^ M k m <8> if-^o -s- c-Ind// M k rn (giL, 

and thus descends to an element of H(M, Km, km <8> L). 

We now compare H(M, Km, km®L) and H(M, Km, km®L'). Note that for any 

.g S M that intertwines re M , both End w( ^ k - )[ - Mg] (r^f L) and End^^pg^ (r-^L') are 
free of rank one over W(k). It follows that any element of I g (k®L') also intertwines 
k ® L, and vice versa. We thus have an isomorphism of H(M, Km, km ® L) and 
H{M, Km, Km ® L') induced by the inclusion of L in L'. 

Let g be an element of Mo jm that is central in M and strictly positive with 
respect to P. Fix a nonzero element x of H(M 0: m, Km , Km ® £o) supported on 
KM Q gKM ', then x is invertible, and so are the images of x in H(M, K M , k" M (g) Lo) 
and H(M, Km, km <8> L ). It suffices to show that x maps to an invertible element 
oiH(G m ,K^k^®L'). 

To do so we invoke Vigneras' G-cover result again, this time relative to G m rather 
than M. Explicitly, there is a G m -type (K'^, := k^ g> Lo) that is a G m -cover of 
(Km ,km ® Lo), and H(G m ,K!^, k'^ ® L ) is isomorphic to Lf (m, g-f). Moreover, 
as k'l^ and kJ^ arise from the same endo-class, we have an isomorphism: 

H{G m ,KZ, kZ ® Lo) = H(G m , K'l n , k" m ® ij^io). 

The image of x in H(G m ,K^ l , k'^ ® if L ) preserves [c-Ind^V,* g) L] g) /C as 

a summand of [c-IndL'"j Gm (k^ g) if Lo)] <g /C, and thus preserves the kernel of 
the surjection 

c-Ind^ k" m (g (if, m L o) c-Indg^ g) L. 

In particular the image of a; is a unit in the latter. On the other hand, as when 
we were working over M, there is an isomorphism of H{G m ,K'^ n ,k'l n (g L) with 
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H(G m , K m , k m ®L'). It follows that the image of x in H(G mi K"k m ®L') is a unit, 
but this coincides with T + applied to the image of x in H{M, Km, km ® L'). □ 

We have an isomorphism of H(G m ,K m , K m ®V- M -) with H(G m , K rn , k m <S>i— m VjY), 
and the center of the block of Rep^j.) (G m ) containing i— m Vjj is isomorphic to 
E„ m . Thus E„ m is naturally a central subalgebra of H(G m , K m , K m ®i^ n V- M -)- Let 
I be the annihilator of i— L' in S CTm . Then we have an isomorphism: 

[§ m T D TT}®E, m E am /I = tf-L'. 
This gives rise to an isomorphism: 

H(G m ,K m , k m ® i^-PjO-) Bam S CTm // S H(G m , K m , k m ® i^ m L'). 

Theorem 17.41 is now straightforward. Let x be an invertible element of E® 3 l T 

with strictly positive support. Then T + x is an element of H(G m , K m , k m (iii— m T : '- M -) 
that is invertible after inverting £ by Proposition [731 an( l is invertible modulo I by 
Proposition 17.61 It suffices to show that T + x is a unit, and this follows from: 

Lemma 7.7. Let E be a finite rank commutative local W(k) -algebra, with maximal 
ideal rriE, and let R be a finitely generated non- commutative central E-algebra. Let 
x be an element of R such that x is invertible in R[j] and R/itieR- Then x is a 
unit. 

Proof. The left ideal of R[j) is the unit ideal, so the left ideal Rx contains £ a 

for some a. On the other hand, a; is a unit in R/tueR, so the ideal Rx contains an 
element congruent to 1 modulo tueR. But then Rx contains elements congruent 
to 1 modulo m b E R for all positive integers b. Since for b sufficiently large, m b E is 
contained in the ideal of E generated by £ a , it follows that Rx contains an element 
of 1 + £ a R, and hence that Rx is the unit ideal. □ 

We have thus completed the proof of Theorem l7.4l The upshot is that we obtain 
a map: 

E K m ,,r m , -> H (G m , K' m , k' m ® V w ) ~ H(G m , K m , k m ® ip> w ). 

Our next step is to relate the latter to H(G m , K m , k m <S>V am )- By Proposition ^. 101 

r§r am with Pjj. 



we may fix an isomorphism of r^V am with Vjj. Frobenius reciprocity then gives 
us a map 

Let V' (Tm be the image of this map in V am ■ We have: 
Lemma 7.8. The quotient V tTm lV l a is cuspidal. 
Proof. Note that the composition: 

is an isomorphism by construction. In particular the map 
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is surjective, and factors through r^ V' . We thus have an isomorphism 

Now let 7r be a Jordan-Holder constituent of V IJm /T" am . Then 7r = by 
the above calculation. Suppose 7r were not cuspidal. Then it would have cuspidal 
support [M ,7r') for some proper Levi subgroup M of G rn , with it' a product 
of cuspidal representations cr m " , with m" ^ m. In particular M would then be 
conjugate to a subgroup of M, and r^ it could not be trivial. □ 

Note that every endomorphism of V am preserves the submodule V' a . (If not, 
this endomorphism yields a nonzero map from V a to V am IV a , and hence a 

nonzero map of i^Vjj to Pa m /P' am - This is impossible as every subquotient of 
the latter is cuspidal.) The kernel of the map E„ m — s- End^^^Q ]ij > a m ) i s the 
ideal / that annihilates St s for all reducible s. 

Let I cusp be the ideal of EK m . Tm generated by the image of / under the map 
E„ m — > EK m , Tm - Note that for any proper parabolic subgroup P g of G m , I an- 

nilihatcs r— 9 V am ; it follows that 7 cusp is supported on double cosets of the form 
K 7 r K m 

Proposition 7.9. Every endomorphism of c-Ind^ m h ® m V am preserves the sub- 
module c-Ind^- m R m ® T'a m ■ The resulting restriction map: 

E Km ,T,jr usp -> H{G m ,K m , k m ® V' a J 

is injective. Moreover, for every g such that K m gK m is not a double coset of the 
form K m z m m K m , the resulting map: 

(EK m ,T m )lC m gK m ~> H(G m ,K m , K m ® V (7m )K m gK m 

is an isomorphism. 

Proof. Fix an integer r. The subset of Ex m ,T m supported on K m z m m K m is isomor- 
phic to (k m )®E ( , m , whereas the subset of H(G m ,K m , K, m ®V' am ) supported on 
this double coset is I z r^ m {ii m ) (g> Endw(fc) [G m ] (P£ ) • The former maps naturally 
into the latter, so every element of Ex m Tm supported on K m z m m K m preserves 
c-Ind^"* k m ® V'a m ■ Such an element annihilates this submodule if, and only if, it 
lies in I z r (h m ) ® I; note that this is exactly the subspacc of I cusp supported on 
K m z m m K m . 

Next, note that for any parabolic subgroup P of G m , the inclusion of V' a into 
Va m has cuspidal cokcrnel, and thus induces an isomorphism: 

' G m ' a™ G °m > 

and hence by Proposition 17. 11 an isomorphism 

H(G m ,K m ,K m ®V am )K m gK m — H (G m , K m , k m ®V<j m )K m gK m 

for all double cosets K m gK m that are not of the form K m z m m K m . Since Proposi- 
tion [7TT] identifies Ig(Hm®Pa m ) with I g (K m ) ® ~EmA(r^r-Va), when g is M s -central, 
and a similar statement holds for Ig(k m <8> T'o^), we nn d that every element of 
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Ig{k m ® Perm) a l so intertwines k rn <g) V' a , and thus every element of EK m ,r m sup- 
ported on K m gK m preserves c-Ind^™ k m (g) T" am . 

Putting together the results for all double cosets, we find that EK m , Tm /I CUBp acts 
faithfully on c-Ind^™ 1 k m ® V' a as claimed. The previous paragraph shows that 
the corresponding map 

{Ex m ,T m )K m gK m — > H(G m ,K m , k m ® V am )K m gK m 

is an isomorphism except when K m gK m has the form K m z r m m K m . □ 

This gives a relationship between EK m , Tm and H{G m , K m , k m ®V' am ). The next 
step is to relate the latter to H(G m , K m , k m (g> i^Vjj). The key point is: 

Lemma 7.10. Let c be a central element of H(G m , K m , k m ®i— m 'P-j^). Then c 
preserves the kernel of the surjection: 

c-Ind^™ k m <g> i^Vjf ~> c ~ ln d%2 ^™ <8> V am , 
and thus descends to an element of H(G m , K m , k m <g) V Grn ). 

Proof. After inverting £, V am becomes a direct summand of ijPVjg, and so the 

module c-Ind^" 1 k m ® V am ® JC is a direct summand of c-Ind^" 1 k m i~ m Vjj® JC. 
The element c commutes with projection onto this summand, and so preserves the 
kernel of this projection. On the other hand, c-Ind^ m K m ®V' a . m is ^-torsion free, and 

so the kernel of the map from c-Ind^-™ k m ®i^ m Pjj onto c-Ind^™ k m ®V' am consists 

of those elements of the kernel of the projection that lie in c-Ind^ m k m ® i9- m Vjj. 
If x is such an element, it is clear that cx is as well. □ 

With these results in hand we return to the inductive construction. Fix to' 
immediately preceding to, and suppose that we have constructed elements Oi, m ' 
as in Theorem 17.31 Suppose further that for 1 < % < to', the element @i, m ' is 
supported away from double cosets of the for K m >z m , m ,K m i, and that @ m ',m' is 
an element of Ek ,,t i supported on K m iz m ^ m >K rn > of the form </> g> 1, where <j) 
lies in I z , , (k m i). (These stipulations hold when to' = 1 by construction, and we 
will show that the inductive construction of the ®i. m i implies these conditions for 
each larger to' as well.) We now turn to constructing elements the elements 0i, m . 

Note that Lemma r7.10l allows us to construct elements of H(G m , K m , k m ®V' am ) 

from central elements of H(G m ,K m ,k m g> ^ m 'Pjj) ■ One way to obtain central 
elements of the latter is to consider the action of the center of Rep-^(G m ) on the 
tensor product /C (g> c-Ind^™ k m ® i^L m Vjf. An element of the center that preserves 

c-Ind^™ km^i^fPjj yields a central element of H(G m , K m , K m <g i^L m P-p-) ; we will 
call endomorphisms that arise in this way strongly central. 

It is thus worthwhile to find a characterization of such strongly central endo- 
morphisms. Fix elements S\,...,Sj in G m i such that s^ cg = (s[) m . For each i, 
c-Ind A -'" / k m i <g> St Si is a summand of Vk ,,t , ® fc, and EK m ,.j m , acts on this 
summand via the isomorphisms: 

E K m ,,r m , ®1C = H(G m ,,K m ,,k m , ® St s J Si TC[Z Si ] W ™n {si) . 
(The last isomorphism is normalized by the pair (M Si ,7r Si ).) 
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As (Eii St Si is a summand of Vji®IC, the induction c-Ind^™ k m <S> {i^ m ^ i St Si ) 
is a summand of c-Ind^™ {k m €5 j^ ra P]g) (8 /C. Moreover, we have isomorphisms: 

H{G m ,K m , k m ® (i| m (g) St Si )) s (G m , ® St Si ), 

and the pair {K'^, k'^ ® (g^ St Sj ) is a G-cover of the pair {Km, Km ® ®i St« 4 ). It 
follows that the action of Ef? t r on c-Ind^-" 1 k to ® (i^.™ St Si ) factors through 
the map: 

j 

^, , Tm( -> (g) H (Gm- , K m , , k m , ® St Si ). 
i=i 

In particular we have a commutative diagram: 

ff(G m , i^m , K m O -p-jj) ->• 7J (G m , # m , k m ® <S>i St Si ) 
Moreover, we have: 

Proposition 7.11. Let s be the "block matrix" in G m whose blocks are s\, . . . , Sj. 

The representation c-Ind^" 1 k m ®i^ m <g)j St Si lies in Rep^-(G m )jv/ s ,7r s ■ Moreover, if 
one identifies: 

A Ms ,, e =K[Z s ] w mM 
ff(G mI ,A M ,,K m ,®St s ,)~^ s ,] W »'. (i,) 
via the pairs {M s , it s ) and {M Si ,ir Si ), then the action of an element x of K,[Z s ] WjI s ^ 
on c-Ind^™ k m ® ®j St Sj coincides with that of the image of x under 



iG m ~ „-g„ 



i 

In particular x acts via an clement of H(G m , K mi k^i^Pjf) that lies in the image 

Proof. This is immediate from the discussion in the above paragraph, together with 
Proposition ^. 61 □ 



For 1 < i < m, we can define an element Qi^ m of E^ J ; T ; by the formula: 

ri,...,rj 

where the sum is over sequences ri, . . . ,r*j that sum to i. Note that for all Si, . . . , Sj, 
the image of 0i >m under the map: 

B£, v 4(g)K[4]^ (si) 

i=l 

coincides with the image of 9i tS under the map: 

TC[Z S ] W ^ ^§§lC[Z 3i } W ™H^\ 

i 

We therefore have: 
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Proposition 7.12. The elements 0i, m of E^ J / T t map to strongly central ele- 
ments of H(G m , K m , R ® i^LVjj) under the map 

T : B%l, tTml -> H(G m ,K m , k ® §Tjt). 

Moreover, for i < n, the image of Oi jTO is supported away from double cosets 
of the form K m z r m m K mi whereas the image of & m ,m is invertible, supported on 
K m z m , m K m and has the form <fi ® 1 for an element <j) of I Zm m {k). 

Proof. It suffices to show this is true after inverting £, or even after tensoring with 
JC. Indeed, we will show that the action of 0i, m on c-Ind^ m k m ® i^Vj^ concides 
with that of an element x of the center of Rep^(G m ). Specifying such an x amounts 
to specifying, for each s\, . . . , Sj, and corresponding s, an element x s of Am s ,-k s , such 
that, whenever we have (M s ,ir s ) inertially equivalent to (M t ,7r t ), the elements x s 
and xt coincide. 

For each s, let x s be the element of Am s ,tt 3 that corresponds to 9i^ s under the 
isomorphism of Am s ,w s with IC[Z s ] Wtt ^ s K It is then clear that for all s, the action 
of @i, m on the summand c-Ind^™ k m ®(i^ m (g^ St Si ) of (c-Ind^™ k m <g) i— m Vjj) <8> K, 
coincides with that of x s . It thus suffices to show that x s coincides with x t whenever 
(M s ,tt s ) is inertially equivalent to (Mt, 7r t ). For such a pair s,t, there exists a w in 
W{G m ) such that t = wsw^ 1 ; then M t = wM s w , Z t = wZ s w~ x , and conjugation 
by w induces an isomorphism of K\Z t ] with JC[Z S ] that takes 6% t t to 6i tS - It follows 
that the images of the 0i. m arc strongly central. 

As for the support of the images of 0i, m for i < to, note that when considered 
as an element of H(M, Km, km €5 ^\f)> each 0i jm with i < to is supported away 
from double cosets of the form K m z r m m K m . The map from H(M, Km, Km® Vj-j) 

to H(G m , K m , K m (g> i— m 'p- M -) is not support-preserving, but it suffices to show that 
it takes elements supported away from Kmz^ m KM to elements supported away 
from K m z m m K m . This is an immediate consequence of the fact that the elements 
z r m m are positive and normalize Km ■ 

Finally, rn . m is the tensor product 0®^ m ,; in particular, it has support on the 
positive clement z m _ m of M. By the inductive nature of our construction m ', m ' 
has the form </>' <g) 1; it follows that the image of 0®^ m , in H(G m ,K'^ l , k'^ ® Vjj) 
has the form for some tJj intertwining k'^. Applying the isomorphism of this 

Hecke algebra with H(G m , K m , k m (g> ij; m 'Pjt) shows that the image of Q m ,m in 
this subalgebra has the form ® 1 as claimed. □ 

The construction of the elements Oi. m as in Theorem [773] is now straightforward. 
The elements 0j, m arc strongly central and we can thus consider their images 0i, m 
in H(G m , K m , k m ®V' m ). Our results on the support of ©i. m imply that each ©i. m 
is in the image of EK m ,T m /I cnsp in H(G m , K m , k m ! ^'P m ). We can thus consider each 
Qi.m as an element of EK m , Tm / T cusp . Also note that the elements Qi >m have the 
property demanded by Theorem 17.31 for all reducible s, because the corresponding 
property holds for the elements 0i, m - We are thus reduced to finding suitable lifts 
of the 0, im to elements of Ex m ,T m - 
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) 1, for an intcrtwincr <j> in I Zm m (k), where 
1 is the identity endomorphism of V' m \ it lifts to the element <j> ® 1 of I Zm m {k) <8> 
End w ^ k ^Q^(P), and this is the unique lift satisfying the demands of Theorem 17.31 
For i < m, the element Qi >m is supported away from K m z m m K m ; as / cus p is 
supported only on double cosets of this form, there is a unique 0i, m in Eic m ,T m 
supproted away from K m z mm K m that lifts 8i jln . Then 0j )m maps to zero in 
H(G m , K m ,k m (§) St s ) for any irreducible s, and so the commutative diagram of 
Theorem 17.31 holds for such s. The proof of Theorem 17.31 is thus complete. □ 
We can also use the above construction to establish a relationship between 
EK m , Tm and Ek ,.t In particular, we have the following: 

Theorem 7.13. Let m! = ™ strictly precede m. Then there exists a unique map: 

frn ■ E Km ,T m /Im SP ~* ^K^, ,T m , > 

such that, for each sequence s\, . . . , Sj with sj eg = (si) m for 1 < i < j, the diagram: 
EK m .r m —> Eft 3 1 T / 

i T m 

commutes. (As usual, s is the conjugacy class in GL^op(F ? /) that decomposes into 
blocks si, . . . , Sj, the left hand vertical map is normalized by (M s , n s ), and the right 
hand vertical map is normalized by the collection of pairs (M Si ,TT Si ).) The bottom 
horizontal map is induced by the isomorphism of Z s with the product of the Z Si . 



The proof of Theorem l7.13l will proceed in several steps. We begin by establishing 

■p ' M> 



more precise results on strongly central elements of H(G m , K mi k m eg) i— m Pjj) 



Lemma 7.14. Let x be an element of H(G m , K m ,K m (3i— m T'jj), and suppose that 
for some a > 0, l a x lies in the image of 

T : Ef ml>Tmi -> H(G m ,K m , k m ® ^Pjj). 

Then x also lies in the image of T . 

Proof. We consider x and i a x as elements of H(G m ,K m , k m ®Pjj). If i a x = T(y), 
then, for some invertible z in E® J ( T ( with strictly positive support, we have 
T(y) = (T + z)~ r T + (z r y), for any r such that z r y has strictly positive support. As 
T+(z) is a unit in H(G m , K m , k'^ <g> Vjj), the divisiblity of T(y) by l a implies the 
divisibility of T + (z r y) by £ a . But for any positive element g of M, the map T + is an 
isomorphism of H(M, K M , k M <8 P-M)K M gK m with H(G m , K m , k'^ <g) Vjj)K Mg K M ■ 
In particular z r y is divisible by l a in H(M,Km,km <8> ^m) (which is equal to 
E^ ; T J. As z is invertible, j/ is also divisible by £ a . □ 

Proposition 7.15. .Any strongly central element x of H(G m , K m , k m ® i^Pjj) is 
contained in the image of E^- J , T , . 

Proof. By Lemma 17.141 it suffices to prove this after inverting or even after ten- 
soring with /C. After doing so, the claim is an immediate consequence of Proposi- 
tion eh □ 
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In light of this, it suffices to show that the map 

Z{H(G m , K m , k m ® ^TVjj)) -> H(G m , K m> K m ® T 5 ^ ) 

is injective on strongly central elements, and that image under this map of the 
strongly central elements contains the image of the map: 

E Km ,T,Jrm P -> H(G m ,K m , k m ® T^J. 

Then the map / TO simply takes an element of EK m , Tm /Im BP to the corresponding- 
element of H{G m , K m , K> m ®V^), when the latter is considered as a strongly central 

element of H(G m , K m , k m ® ijT'E'w)- Such an element can then by considered as 
an element of E® J T / by the above proposition. 

Once we have constructed the map f m in this way, the commutativity of the 
diagram of Theorem [7331 is easy to verify: first observe that given an x in Ex m .T m , 
there exists an element x s of Am 3 ,-k 3 such that the action of x on the summand of 
(c-Ind K ™ k m <g> V 0m ) ® IC corresponding to s coincides with that of x a . Then f m (x) 

acts on the summand of (c-Ind^™ k rn ® i^Vjj) ® K, corresponding to x via x a , 
since the map 

(c-Ind°™ K m (g> Vjj) <g> K -> (c-Indg™ K m ® 7> CTm ) <g> £ 

is equivariant for the action of the Bernstein center. It then follows from Propo- 
sition [7TT] that, when we consider f m (x) as an element of E® J , T ,, the action 
of f m (x) on the summand (c-Ind^ AJ kj/ (8> 'Pjj) <8> corresponding to si, . . . , S; is 
given by the image of x s in ®iK.[Z Si \. This is equivalent to the commutativity of 
the diagram. 

The injectivity of the strongly central elements into H(G m , K m , k m ® ^ ) is 
straightforward. It suffices to check this after tensoring with IC. A strongly central 
element that annihilates (c-Ind^ m k m <8> T" 0m ) d> IC arises from a sum of elements 
of Am s ,ti 3 as s runs over reducible conjugacy classes. But for all such s, the corre- 
sponding summand of (c-Ind^ m k m CS> V' a ) ® JC is a faithful Am s ,7t s -module. 

To understand the subalgebra of H(G mi K m , K m ®?^ m ) generated by the images 
of the strongly central elements, we begin by recalling some results from section [6] 
In particular, for each s, we have support-preserving isomorphisms: 

H(G m , K m p a , k m -p 3 ® S% s>s ) -4 ff(G m , K TO , K m ® i^™ S% s)S ), 

and an isomorphism of the former with a tensor product of Iwahori Hecke alge- 
bras that is also support preserving in a sense made precise in section [HI (see in 
particular the discussion preceding Lemma [678]) . We choose the isomorphism of 
H(G m , K m p ,k m p <g> Stjg s ) with a tensor product of affine Hecke algebras to 
be the one corresponding to the representation ir s of M s . By Corollary 16.161 for 
each z in Z s , the space V z of central elements of H(G m ,K mP - ,k mP - ® St-p- s ) 
supported on the union of the double cosets K m -p wzw'K m -p is one-dimensional. 
The isomorphism of the center of H(G m ,K m p , k m -p <E> Stjj J with K.[Z s ] Wtt ^ ^ 
allows us to identify V z with a subspace of the latter. 

Now if t is another element of G m conjugate to s by an element w s ,t of W(G m ), 
then conjugation by w s j induces an isomorphism of IC[Z S ] with fC[Z t ]] under this 
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isomorphism the subspace V z of K.[Z S ] is identified with the subspace V w zw -i of 
K[Z t ]. 

With these observations in hand, we are in a position to prove: 

Proposition 7.16. Let x be a strongly central element of H(G m , K'^k 1 ^ ®Vjj), 
and let y be the part of x supported on K m zK m , for some z G G m - Then y is also 
strongly central. 

Proof. It suffices to check this after tensoring with /C. For each s, the action of x 
on the summand c-Ind^™ k'^ Cg> St-^y s of (c-Ind^7? k" H ® Vjj) 55 /C is via an element 

x s , which we may consider as an element of 1C{Z S ] W ' M ''( S \ 

Write x s as a sum of elements x s Zi in V Zi for various Zj in Z s , and let y s be 
the sum of x s ^ Zi for those i such that Zi lies in K m zK m . It suffices to show that 
the action of y on c-Ind^V, 1 k'^ ® Stjj s agrees with that of y s for all s, and that 
conjugation by w s ,t sends y s to y t for all conjugate pairs s,t. The latter is immediate 
from the fact that w St t lies in K m . 

For the former, note that we have a surjection: 

c-Indg™ k <g> -> c-Ind^™ « ® %l m S% s = c-Ind^ « <g> Stjg >8 . 

This surjection is support-preserving and equivariant for the action of K\Z s Y^Mb( s ' . 
Moreover, when considered as an endomorphism of the left-hand side, y s is the part 
of x s that is supported on K m zK m . Since the actions of x s and x coincide on the 
right hand side, and y s is the part of x s supported on K m zK m , it follows that the 
actions of y s and y on the right hand side coincide. □ 

Our next step will be to define an action of a certain finite rank local W{k)- 
algebra on the subspace of H(G m , K m , k m Eg i^± m Pjj) supported on a given double 
coset K m zK m . For any z G Zq, we have an isomorphism: 

H(G m ,K m ,k m ®£L m T J - M ) KmZKm S I z (k m ) ® Endy^^jj^r^i^Vjj). 

For each z, let e z be the primitive central idempotent of W / (fc)[M z ] corre- 
sponding to the block of Rep w ^(M z ) containing r^ z V„ m . Then e z acts via 

the identity on r^ z ij^Vjj, and this yields an action of the algebra E z defined 

by E z = e z Z(W(k)\M z ]) on r£* i^ m V w . The isomorphism: 

H(G m , K m ,k m <g> i c ^ l V 1I )K mZ K m = I z (H m ) ® End vv(fe)[M,]( r ^^ m ^M) 

then gives an action of E z on H(G m , K m , k m ® i^ mTn Pjj) KmZKm . 
We can reinterpret this action via the direct sum decomposition: 

H(G m , K m , ^ ® f%)if m rf,„ = H(G m ,K m ,k' m <g> P^khwzwk" 

w,w' 

(where u>, «/ run over elements of W(G m ) such that the double cosets K'^wzw' K 1 ^ 
partition K m zK m ) as follows: for each such w, w' , we have an isomorphism: 

H(G m , K m , k'm <g> 7*m)k£w*w'k& — Iwzw' («) ® (^V)- 
Moreover, I WZW '(Vjj) is, by definition, the space 

^ om Fn(w2M)')- 1 F(w2«)')(^ 3 M' ^17 )■ 



-16 



DAVID HELM 



Note that Vjr is inflated from a representation of M. Let u be an element of 
(w')~ 1 U z w / , where U z is the preimage of the unipotent radical U z of P z under 
"reduction mod we". Then zik'u(zw') -1 reduces to the identity mod we, and 
therefore so does (wzw')u(wzw')~* . It follows that any map from Vjj to V^ w 
factors through the (w')~ lr J z w' M- invariants of Vjt- This space of invariants 
may be considered as a representation of the Levi subgroup M n M z w' of 

G m . 

We next observe: 

Lemma 7.17. Let Mi be a Levi subgroup of G m , and Pi = M^Vi be a parabolic 
subgroup of M\. There exists a unique map Z(W(k)[Mi]) — > Z(W(k)[M 2 ]) such 
that for all W(k)\Mi] -modules IT, the diagram: 

Z(W(k)\Mi]) -> Z(W(k)[M 2 }) 
I I 

commutes. 

Proof. Note first that if IT is faithfully projective over Mi, then rl?IL is faithfully 

projective over M2, and so the vertical maps in the above diagram are isomor- 
phisms. We may thus define the map in question to be the unique map that makes 
this diagram commute for that particular choice of IT. We can then verify that the 
diagram commutes for an arbitrary IT' by resolving IT' by direct sums of copies of 
IT. □ 

We then have a sequence of maps: 

e z Z(W(k)[M z ]) e^yi^ZiW^KwT'Mrw']) Z{W{k)[M n {w'y 1 M z w']) 

where the first map is conjugation by w' and the second is from the lemma. The 
right-hand group algebra acts on the (w')~ lT I z w' (~l M-invariants of Vjj, and thus 
on I wzw >{k m <g) Pjj). Moreover, this action makes the inclusion 

H(G m , K m , h'^ (g) Vjj)k^ WZ w'K'^ H{G m , K m , k m ® ijP'Pjfi)K m zK m 
equivariant for E z . 

Proposition 7.18. Let x be strongly central in H(G m , K m , k m (g> ip m 'Pjj)K mZ K m ■ 
Then so is ax for any a in E z . 

Proof. For all s, let x s be the element of Am b ,v s whose action on the summand of 
[c-Ind^™ k m (g> i-p m, Pjj] <8> IC corresponding to s coincides with x. We may assume 
that x s lies in V z , and that xt is zero for all t not conjugate to s in G m . (Any x 
supported on K m zK m is a sum of elements that have this property for various s 
and z' with K m z'K m = K m zK m .) 

The element x s corresponds to an element of H(G m , K m , k m ® Staj ) supported 
on double cosets of the form K m wzw'K m , where w and w' lie in Wj^ (s). For 
any such to, to', the element a of E z acts on H(G m ,K m ,k m <g> St^gJ 

K 1 ' w Z w' K'' 

via the scalar c € K, such that the element (w 1 ) a(w') of Ei w i^ z i w i\-i acts on 
r— S% jS via c. 
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Now if t is conjugate to s, via w s ,t G W(G m ), then xt lies in the subspace 
V w tZW -i- For any w, w' in W^y t (t), the argument of the previous paragraph shows 
that a acts on H(G m ,K m ,k' m ® Sfrjy t ) K „ ^^-i^/jf// via c. It follows that for 
a; satisfying our assumptions, ax = ex and is thus strongly central. □ 

With this in hand it is straightforward to understand the image of the strongly 
central elements in H(G m , K m , k m ®V' m ). If we let R,K m zK m be the space of strongly 

central elements of H(G m ,K m , k m (S> i^f 1 ) supported on K m zK m , then the map: 

Rl< m zK m —> H{G m , K m , k m ® V' rn )K m zK m 

is £? z -equivariant. Moreover, the subspace of H(G m , K m ,k rn , l S'P^ n )K m zK m consist- 
ing of elements in the image of Ex m , Tm is a cyclic _E z -module. (This image is all 
of H{G mi K m ,k m (g> V' rn )K m zK m i which is free of rank one over E z , if z is not a 
power of z m , m ; if z does have the form z m m then the image is generated over E z 
by @m,m-) 

It is thus clear that when z is a power of z m>rn , the image of RK m zK m contains 
the part of the image of EK m , Tm supported on K m zK m . When z is not such 
a power, it suffices to show that the image of RK m zK m contains an clement of 
H(G m , K m , k m (g) V m )K m zK m that generates this space over E z . 

Let L be the image of V' m in St( s Am; the map from V' to L gives a map: 

H(G m , K m , k m <g> V' m ) -> H(G m , K m , k m (g) L). 
The isomorphism of L ® JC with St( s /)m gives us a map: 

H{G m ,K m ,k m ®L) K[Z ] w M^ m \ 

and the image of this map contains the subalgebra W(k)[Zo] WjT ^ s ' - 1 generated 
by the 6i i?n . Conversely, we have: 

Lemma 7.19. The image of H(G m , K m , k m eg) L) in K.[Zo] WjT ^ s ' - 1 is contained 
in W{k)[Z Q ] w M^T), 

Proof. Suppose there is an a in H{G m , K m , k m eg) L) whose image does not lie in 
W (k)[Zo] w T^^ s ) ). Then there exists a finite extension KJ of K., and a map 

: W(k)[Z } w - {{s ' )m) -> O' 

whose tensor product with KJ takes a to an element of K! that does not lie in O 1 . 
Such a map corresponds to a twist of 7Tf s >\m by an integral unramificd character. 

Let LI be an irreducible quotient of the representation c-Ind^-"* k m ® St( s /)m on 
which H(G m , K m , K m <g)St( s /)) acts via <fi. Then II is integral, as the cuspidal support 
of II is an integral twist of Trr g i\m . In particular there is an Radically separated Cm- 
stable lattice Ln in II, and this lattice is preserved by H(G m , K m , k m Cg> L). This 
contradicts the fact that a acts on II by a scalar that is not a unit. □ 

Moreover, H(G m , K m ,R m eg) L)K m zK m is free of rank one over W(k). There is 
thus a polynomial in the 6i jm (with coefficients in W(k)) that is an element of 
H(G m , K m , k m ®V' m ) Km zK m whose image in H(G m , K m , k m ®L) KmZKm generates 
the latter over W(k). It follows that the map: 

Ri< m zK m — > H(G m , K m , k m <g) L)x m zK m 
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is surjective. This map factors through H(G m , K m , k m ®V m ). In particular (as E z 
is local with maximal ideal m z ), the image of RK m zK m in H(Gm,K m ,k rn ® V' m ) 
cannot be contained in m z H(G m , K m , k m ® "P' m )K m zK m , and must thus be all of 
H(G m , K m , k m ® V' m )K m zK m when z is not a power of z m<m . 

We have thus shown that the subalgebra of H(G m , K m , k m ® V' m ) consisting of 
the images of strongly central elements contains the image of EK m . Tm , completing 
the proof of Theorem 17.131 □ 

The proof of Theorem 17.131 yields the following further observation: 

Proposition 7.20. Let y be a strongly central element of E^ J / . There exist 
elements x\,X2 of EK m ,r m , and a nonnegative integer a, such that: 

• X2 is supported on double cosets of the form K m z r m m K m , and 

• we have / m (x 2 ) = £ a {y - f m (xi)). 

Proof. We may consider y as an element of H(G m , K m , k m ®V' m ) : since the proof of 
Theorem l7.13l identifies the strongly central elements of EfJ 1 t T / with a subalgebra 
of H(G m , K m , k m ® V' m ), in a manner compatible with the map f m . Let y\ be the 
part of y supported away from double cosets of the form K m z m m K m , and let 
?/2 = y — yi- Proposition 17.91 shows that y\ = f m (%i) for some x\. 

On the other hand, j/2 is supported on double cosets of the form K m z m , m K m , 
and we have a support-preserving isomorphism: 

H{G m , K m , k m ® V m )/I cusp ® K s H(G m , K m , k rn ® V') ® K. 

There is thus an such that, for some a, f m {x2) = ^ a 2/2, and the result follows. □ 

We conclude this section by giving a complete description of Efc m , Tm for small 
m; that is, for m < I. There are two cases to consider; in the first, m = 1, and in 
the second m = e q j > 1. 

When m = 1, the element 0^ 1 of Ek 1 .t 1 generates (Ek 1 ,t 1 )k 1 z t 1 k 1 as an E ai - 
modulc for all r, and hence we have 

E KuTl = E ai [Qfi]. 

This case was already studied by Dat in |D3j ; in particular Dat shows that E ai is a 
universal deformation ring of ax, and that, after completing at any maximal ideal of 
characteristic £, Ek 1T i becomes the universal deformation ring of the corresponding 
supercuspidal representation. 

Whem m > 1 but m < £, then any s ^ (s[) m with s rog = (s^)™ is irreducible. 
We have an ideal Io of E am that is the kernel of the action of E am on St^'jm. 

Proposition 7.21. When 1 < m < £, we have an isomorphism: 

EK m ,T m — E„ m [Ol, m , • ■ • , @mj m ]/ (©l,m, • ■ • , ©m-l,m) ' / cusp . 

Proof. As E a and the &i iTn are contained in Ex T1 we have an inclusion: 

E a [Q\ tm , ■ ■ ■ , 6m| m ] E KjT . 

It is easy to see that (9i, . . . , 6 m -i.m) map to zero in H(G, K, K®St s ) for s ^ (si) m , 
so that (Oi. m . . . , Qm-i.m) ■ / cusp is in the kernel of the map to Ek, t - That this is 
precisely the kernel, and that the resulting map is surjective, follows by considering 
the elements supported on KzK for each z in Z m . □ 
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Remark 7.22. When £ > n, and a is not supercuspidal, Paige gives an explicit 
description of E a as a W(fc)-algebra in his forthcoming thesis |Pg| . The above 
proposition thus gives a complete description of Ek,t m this case. 

8. FlNITENESS RESULTS 

Our next goal is to establish fundamental fmiteness results for Vk,t- In order to 
do so it will be necessary to work integrally with lattices inside a generic pseudo- 
type (K, k <g) St s ). Choose a finite extension K! of K, such that St s is defined over 
K! , and let O' be the ring of integers in JC' ' . We can then consider C-lattices L s 
inside St s , and consider the "integral generic pseudo-type" (K, k ® L s ), and try to 
determine the structure of c-Ind^- k (g) L as a module over H(G, K,k® L s ). 

There will be two lattices in St s of particular interest to us. We construct the first 
of these as follows: denote by M the Levi subgroup M s of G. The representation 
Stjj is irreducible, cuspidal and defined over /C', and remains irreducible when 
reduced mod £. There is thus a M -stable O'-lattice Ljj in St-p , and such an Ljj 

is unique up to homothety. Then %^±Ljj s is an O'-lattice in I s . Let L s be the image 
of this lattice in St s . 

The second lattice we will make use of will be denoted L' s , and is defined as 
follows: the representation St s is a direct summand of V„ ®w(k) ■ Let L' s be the 
image of V a ®w(k) & under the projection to St s ; this defines L' s up to homothety. 
The lattice L' s is the one that is of interest to us in applications, but is more 
complicated; we will study it via its relationship with L s . Note that there exist o, b 
such that £ a L s C L' s C £ b L s . Let T£ s and Tjy denote the representations k <E) L Sl 
and k® L' s . 

The pair (if, tl 3 ) is not difficult to understand; indeed, the arguments of section[6] 
apply. In particular, consider the pair (Km, km <8 Lji), where M, Km, and km 
are as in section|6l It follows from |V2j . IV. 2. 5 and IV. 2. 6 that the pair (K" , k" <£> 
Ljj) is a G-cover (as an C-module) of (Km, km ® Ljj), and that the center of 
H(G, K", k" (giLjj) is isomorphic to (D'[Z S ] W ~( S \ (Indeed, a choice of a compatible 
family of cuspidals for the tower of types that contains (K, r) gives rise to explicit 
isomorphisms: 

H(M, K M , km ® Ljj) S 0'[Z s ] 

Z(H(G,K",k" ®Ljj)) S 0'[Z s } w m(s). 

Henceforth we fix such a choice.) The intertwining calculations of section [S] give rise 
to a support preserving isomorphism H(G, K", k" ®Ljj) with H(G, Kjs, kjs®Ljj), 
and an isomorphism of the latter with H(G, K,k<E> i^Ljj). 
We now observe: 

Lemma 8.1. Let x be a central element of H(G, K, k (g> i^Ljj). Then x descends 
to an endomorphism of c-Ind^- k ® L s via the surjection of i^Ljj onto L s . 

Proof. The results of section |6] show that this holds after inverting I. We have a 
surjection: 

c-Ind^ k ® (ij}Ljj) ->• c-Ind^ k® L s , 

and it suffices to show that x preserves the kernel of this surjection. But as this 
holds after inverting £, and both the left-hand and right-hand sides are ^-torsion 
free, the result follows. □ 
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We next turn to questions of admissibility: 

Lemma 8.2. The module c-Ind^ A/ k(&Lm is an admissible H(M,Km,&m i 8>Lm)- 
module. 

Proof. Let n be an O' [M] -module such that it ®qi JC' is absolutely irreducible 
and such that the restriction of 7r to Km admits a nonzero map from k ® Lm- 
Then Home»/[x M ] (k ®Lm, it) is a free C-module of rank one. Consider the 0'[M\- 
module it ®e>' 0'[M/Mq], on which M acts on 0'[M/Mq] via the natural character 
M -> O'[M/M ]. We have 

Kom >[K M ]{K ® £m,tt) = 0'[M/M o ], 

and H(M, Km, t) = C[Z] acts on the right hand side via the inclusion of 0'[Z] in 
0'[M/Mq\. This yields an isomorphism: 

(c-Ind^ M k ® Lm) ®o'[z.] O'[M/M ] S tt g> , C[Af/M ]. 

In particular the left hand side is admissible over O'[M/M ], and so c-Ind^ M rc®Z M 
is admissible over 0'[Z S ]. □ 

Lemma 8.3. Let R be commutative W(k)-algebra, let P = MU be a parabolic 
subgroup of G, and let tt be an admissible R[M]-module such that for any parabolic 
subgroup P' = M'U' of M , r M ir is admissible as an R[M'\-module. Then ipM 
is an admissible R[G]-module, and, for any parabolic subgroup P" = M"U" of G, 
Tq ipir is an admissible R[M"]-module. 

Proof. This is an immediate consequence of Bernstein-Zelcvinski's filtration of of 
the composite functor Tq ip f |BZ| . 2.12) together with the fact that parabolic 
induction takes admissible representations to admissible representations. □ 

With these results in hand, we can show: 

Proposition 8.4. The module c-Ind^ tl s is admissible over H(G,K,tl 3 )[G\. More 
generally, for any parabolic P' = M'U' in G, the module r<E! c-Ind^ T£ s is admis- 
sible over H(G,K,t Ls )[M'}. 

Proof. The module c-Ind^ tl b is a quotient of c-Ind^- k <£> i^Ljj, and the latter is 

isomorphic to c-Ind^// k" <£> Ljj. It thus suffices to show that Tq c-Ind^-/, k" ® Ljj 
is admissible over the center 0'[Z] w v( s ) of H(G, K", k" ® Ljj). 

As km ® Lji * s a lattice in a maximal distinguished cuspidal M-type, the 
W ( k ){M\- module c-haA K km ® Ljj IS admissible and cuspidal over the Hecke 
algebra H(M, Km, kM®Lj^), and the latter is isomorphic to 0'[Z]. It follows that 
ip c-Ind^ km ® Lj^ is an admissible 0'[Z]-module, as is Tq ip c-Ind^f M km ® % 
for any P' . 

On the other hand, the relationship between G-covers and parabolic induction 
yields an isomorphism: 

(c-Indg k" ® %) ® , [z] w vi ,) 0'[Z] ~ i G P c-Ind^ M k M ® %. 

As 0'[Z S ] is a finitely generated, free C[Z s ] M/ M( s )-module the result is now imme- 
diate. □ 
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Proposition 8.5. Every irreducible representation in the block Rep-^G)^/,^ has 
mod £ inertial supercuspidal support equal to that of a cuspidal representation of 
type (K, r) . 

Proof. It follows directly from the definition of mod I inertial supercuspidal support 
that every irreducible representation in the block Kepj^(G)M.-K has the same mod £ 
inertial supercuspidal support. Choose an integral irreducible representation it' in 
this block. Then we have a map c-Ind^- tl 3 —> ft' whose image is an O'-lattice in 
ft' . Tensoring with k, we find that every simple W / (fc)-subquotient of ft killed by £ is 
also a subquotient of c-Ind^ k®L s , where L s is L s <E>o' k. In particular it suffices to 
show that every irreducible subquotient of c-Ind^ k(B)L s has supercuspidal support 
given by (K, r). Note that, as r is equal to ac <E> a, and a is a subquotient of L s , 
c-Ind^ K(g> L s has a subquotient isomorphic to c-Ind^ r. 

On the other hand, Vigneras has shown ( [V2j . IV. 6. 2) that the subcategory 
of Rcp fc (G) consisting of all representations with supercuspidal support given by 
(K, t) is a block of Rep fe (G). It thus suffices to show that c-Ind^- k®L s is contained 
in a single block of Rcp fe (G). But the endomorphism ring of c-Ind^ k (8) L s is 
simply H(G,K,tl 3 ) ®o' k, and is therefore equal to k[Z] w ^ s \ In particular this 
endomorphism ring is a domain, so c-Ind^- k(£>L s is a domain and the result follows. 

□ 

Wc now compare c-Ind^ tl s and c-h\A K tl> ■ The inclusions £ a L s C L s C £ L 

G G h G 

give rise to inclusions: £ a c-Ind x tl s C c-Ind^- ttj C £ c-Ind^ tl s ■ 

The endomorphism ring Ek,t of Vk,t preserves the factor c-Ind^- k <S> St s of 
Vk,t ® ^C, and hence preserves the image of Vk,t ® O' in c-Ind^- k ® St s . This 
image is equal to c-Ind^- tjj . In particular we obtain a map of Ek t ® O' into 
H(G,K,t l ,). 

For some m, we have (K, t) = (K m ,T m ), where K m and r rn are as in section [7] 
Our choice of compatible family of cuspidals in section [7] identifies H(G, K,k <E> 
St s ) with K[Z s ] Wt ' '*( s ' . Under this identification H(G, K,tl b ) is the subalgebra 
0'[Z s ] w mJ s \ and H(G,K,t L 'J is another, yet-to-be-determined O'-subalgebra 
that contains Ek, t ® O' . 

We observe that as a subalgebra of 0'[Z S ], H(G, K, Ty ) contains the images of 
the elements Oi, m of Ck,t, as well as the image of 0^ m - These map to elements 
6 i>s of W(k)[Z s ] W M( s K We observe: 

Proposition 8.6. The algebra W (k)[Z ' s ] w tt( s ) is a finitely generated module over 

w(k)[e l!S ,...,9 m , s ,e-] s }. 

Proof. Let Si, . . . , s r be the irreducible constituents of s, and let z\, . . . ,z r be the 
elements of Z s such that, when considered as an element of GL n{E), zi is scalar 
with entries we on the block of Z s corresponding to Sj, and the identity on all 
other blocks. Let di be the degree of s, over ¥ q j , and let d be the degree of s' over 
¥ q f, where s rcg = (s') m . Then, by definition, we have: 

s jes 
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where S runs over those subsets of 1, . . . , r such that 
Now consider the polynomial 

r 

1=1 

For 1 < i < r, the coefficient of i r_I in P(i) is #j s . It follows that the elements 

d 

(—Zi) d i are integral over W(fc)[#i,s, . . . , # OTlS ], and so the elements Zi themselves are. 
As is generated by the Zi, together with 0^ g , it follows that V^(fc)[Z s ] is 

integral, and hence finitely generated as a module, over W(k)[9i, s , . . . , 9 ms , 9^ a ], 
and the result is immediate. □ 

We now show: 

Proposition 8.7. The module c-Ind^ Tl> is an admissible Ex, T [G]-module More- 
over, for any P' = M'U' in G, rg' c-Indg Tl> is admissible as a EK, T [M']-module. 

Proof. The module rg c-Ind^- tl s is admissible over H(G, K,tl b ), which we have 
identified with W {k)[Z s ] w ~m^ s \ It is thus also admissible over O'\0i tS , . . . , 9 m ,s, 9^ s ], 
by Proposition 18.61 The 9i tS preserve both c-Ind^- tl s and c-Ind^- tl> , and any 
embedding of the latter in the former is equivariant for the 9i, s . Fix such an 
embedding; this yields an embedding of rg c-Ind^ tu in rg c-Ind^- tl b that is 
compatible with the action of the elements 9i. s . As the former is admissbile over 
0'[9i tS , . . . , m , s , 9^ s ], the latter must be as well, and the result follows. □ 

We now return to the study of Vk,t- We choose K! (and by extension O' suffi- 
ciently large that every map from E a to /C has image contained in O' . Then St s is 
defined over KJ for every s. Moreover, the embeddings: 

Vk,t ® K ^ c-Indg R <g> St s 

S 

E KtT ®lC^Yl F ( G > A '' k ® St *) 

s 

factor through embeddings: 

Vk,t ®0' ^0c-Ind^r L - 

S 

E K ^ r ®0' ^~[[H(G, K,t l ,). 

s 

We thus have: 

Theorem 8.8. For any parabolic subgroup P' = M'U' of G, r^, Vk.t is an admis- 
sible CK,T[M']- , nwdule (and hence also an admissible EK,T[M']-module.) 

Proof. For each s, rg c-Ind^- tl 1 is admissible over Ck,t ® O 1 , and hence also over 
Gr,t- The result is thus immediate from the above decomposition. □ 

Corollary 8.9. The W(k)-algebra Ek, t is a finitely generated CK^-module. 
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9. Structure of V(m,-k) 

We now turn to the study of the W (k)[G]-modu\e V(m.k) f° r an inertial equiv- 
alence class (M, 7r) of irreducible cuspidal representations of M over k. Write it as 
a tensor product of irreducible cuspidal representations ixi of general linear groups 
GL ni (F), and for each i, let (Ki,Ti) be a maximal distinguished cuspidal fc-type 
contained in 7Tj. 

Theorem 9.1. Suppose £ > n, and let R be the tensor product, over W{k), of 
the rings Ej^.n for all i. Then V(M,it) is an admissible R[G]-module, and for any 
parabolic subgroup P' = M'U' of G , rQ V(m,tt) * s an admissible R[M']-module. 

Proof. This is an immediate consequence of Theorem 18.81 and Lemma 18.31 □ 

Let (M',7r') be the supercuspidal support of (M,ir); then (M',7r') is determined 
up to inertial equivalence. 

Proposition 9.2. Let II be an irreducible supercuspidal ^.-representation of a Levi 
subgroup M" of G, and suppose that the mod I supercuspidal support of the inertial 
equivalence class (M",II) is not equal to (M',7r'). Then the idempotent e M ,, n jo/ 
the Bernstein center of Rcp-^G) annihlates V \m .it) ® ■ Equivalently, every simple 
subquotient of V^m,-k) ® ^ has mod £ inertial supercuspidal support {M 1 , n'). 

Proof. When the sequence {(K i7 Ti)} consists of a single type (K,t), this follows 
immediately from Corollary 16.71 and Proposition 18.51 The general case follows by 
the additivity of supercuspidal support under parabolic induction. □ 

We now give more precise results about the block decomposition of V(m.-k) ® 
We have Vm,k = ^p^/^ti ® • • • <8> Pk t ,tX Let r» = ® cr, and fix an S{ such 
that o-j is the cuspidal representation corresponding to the ^-regular part s[ of 
si. We then have a map <pi : E ai — > JC, giving the action of E ai on St Si . Let 
Mj iSj be the Levi subgroup corresponding to this choice of s,. Choose, for each 
(Ki, n) a corresponding compatible system of cuspidals in the sense of the discussion 
preceding Theorem 17.31 in such a way that if (Ki,Ti) is equivalent to (Kj 7 Tj), then 
we use the same compatible system for both. This yields in particular a cuspidal 
representation 7r,, Si of for each pair i,Si. 

Let s = {si, . . . , s r } be a collection in which each, for each i, the ^-regular part 
of Si is equal to s^. Let Mg be the product of the M Si ; it is a Levi subgroup of G. 
Let irg be the tensor product of the ir Si . Finally, consider the £[G]-modules 

(P(M,*))g = *p((g) c -!ndg h ® St, 4 ), 

i 

where Pg is a parabolic of G with Levi component Mg. Then {V(m,it))s li es m 
Rep-^(G)j\/ ? .7r ? . As parabolic induction commutes with tensor products, we have a 
direct sum decomposition: 

P(M,*) ® £ = ip c-Indg; Ki ® St Sj . 

8 

For each i we have maps: 
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where the isomorphism is the one determined by the pair (Af Sj , 7r Si ) . Taking the 
tensor product of all of these maps yields a map 

i 

where Zg is the subgroup of Mg given by the product of the Zi lSi . 

The pair (Mg, ng) induces an isomorphism of Ant St%s with IC[Zg] WM a^ g \ We thus 
obtain a map from Am s ,-ks to the tensor product of the J5jf ilTi . As an immediate 
consequence of Proposition 13.61 we then have: 

Proposition 9.3. The center Am s ,w s °f R^Ptc^Ws-.tt? ac ^ s 071 {P(m,-k))s "via the 
map 

i 

defined above. In particular each {V(m,k))s * s a faithful module over Am^,w s - 

10. The Bernstein decomposition and Bernstein's second adjointness 

Our next goal is to apply our results on the structure of Vk.t to establish a 
Bernstein decomposition for the category of smooth W(fc)[G]-modules. With the 
results of the previous section in hand, this is an easy consequence of Bernstein's 
second adjointness for the category of smooth W(/c)[G]-modulcs, which is due, in 
this generality, to Dat in |D2j . However, at this point it is not too much work to 
give an alternative proof of Bernstein's second adjointness which is quite different in 
spirit from Dat's approach. We thus detour for a moment to show how Bernstein's 
second adjointness follows from the results so far. 

For technical reasons (namely, the fact that parabolic induction is naturally a 
right adjoint, and therefore takes injectives to injectives), it will be useful for us to 
work with injective objects rather than the projectives Vk.t- To obtain a suitable 
supply of injectives, we define: 

Definition 10.1. Let II be a smooth IF(fc)[G]-module. We denote by Il v the 
M^(/c)[G]-submodule of smooth vectors in Hom^(fe)(n, JC/W(k)). 

As K./W(k) is an injective W(k)-modu\e, and the functor that takes a VF(fc)[G]- 
module to the submodule consisting of its smooth vectors is exact, the functor 
II i — ^ n v is exact as well. Moreover, we have: 

Lemma 10.2. Let n and II' be smooth W (k)[G]-modules. Then there is a natural 
isomorphism: 

Hom w{k)[G] (u, (n') v ) -> Hom M ,- (fe)[G] (n',n v ). 

Proof. Both Hom^^jp] (II, (n') v ) and Hom^ajrQi (n', II V ) are in bijection with 
the set of G-equivariant pairings II x II' — )• K./W(k) that are smooth with respect 
to the action of G. □ 

Corollary 10.3. If n is a projective W (k)[G]-module, then II V is injective. 

Proof. The functors Hom^^jjg] (— , II V ) and Hom^(fc)[G] (n, (— ) v ) are naturally 
equivalent, and the latter is exact. □ 

This duality is well-behaved with respect to normalized parabolic induction: 
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Lemma 10.4. Let P = MU be a Levi subgroup of G, and let it be a smooth 
W (k)[M]-module. Then there is a natural isomorphism: 

(ipV) v ^ ip V v . 

In particular, if II is a simple W(k)[G]-module with cuspidal (resp. supercuspidal) 
support (M,tt),, then H has cuspidal (resp. supercuspidal) support (M,7r v ). 

Proof. Integration over G/P defines a G-equivariant bilinear map: 

x [ipV v ] ->. K/W(k), 

and hence a G-equivariant map: 

i?7T V -> [£tt] V . 

This map is easily seen to be an isomorphism by passing to [/-invariants for a cofmal 
family of sufficiently small compact open subgroups U of G. □ 

Note that if II is an admissible W / (fc)[G]-module, (or, alternatively, an admissible 
IC[G] -module), then (II V ) V is naturally isomorphic to II. In particular this is true 
if II is simple. 

If (A', t) is a maximal distinguished cuspidal fc-type, we define Ik ,t to be the 
injective P^(fc)[G]-module V K T v. Similarly, if (M,tt) is a pair consisting of a Levi 
subgroup of G and an irreducible cuspidal representation n of M over k, we set 
J(m,tt) to be the VF(fc)[G]-module V^ M ^y 

Proposition 10.5. The W(k)[G]-module I(m,-k) is injective. Moreover, every sim- 
ple W(k) [G] -module II with mod £ inertial cuspidal support (M, it) embeds in I[m,-k) ■ 

Proof. For a suitable parabolic subgroup P, and suitable maximal distinguished 
cuspidal types (ATj,Tj), we have: 

As ip is a right adjoint of an exact functor (by Frobenius reciprocity), the latter 
module is clearly injective. 

Now given II, II v has mod I inertial cuspidal support (M, 7r v ); by Proposi- 
tion STTH] we have a surjection Vim,^) ~^ n v . Dualizing, and using the fact that 
(II V ) V = II, we obtain our desired result. □ 

Proposition 10.6. Let (M,ii) and (M',7r') be two pairs consisting of a Levi sub- 
group of G and an irreducible cuspidal representation of that Levi subgroup over 
k. Let I = IiM,ir)'i I' = I(M',n')- V ~R° m w (k)[G\ (A I') * s nonzero, then the mod i 
inertial supercuspidal supports of (M,tt) and (M',tt') coincide. 

Proof. Set V = V (M ^y, V' = P(M',(7r') v )> so that I = V v and V = {V'Y . We have 
an injection of Hom^^jrgi (J, /') into Hom M /( fe )[ G ] ((/') v , 7 V ); the latter is equal to 
Hom lv(fe)[G] (P vv , (V'Y y ). We also have an embedding: 

Hom WW[G] (? vv \{V'Y y ) -> Hom w(fc)[G] (P vv ®£, (P') vv ®JC), 

so it suffices to show that the latter is zero unless the mod £ inertial supercuspidal 
supports of (M, it) and (M',tt') coincide. 

We have an embedding of P vv ® K into (V ® £) vv . 
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If (L, tt') is a pair consisting of a Levi subgroup of G and an irreducible supercus- 
pidal representation of L over K, and tt' has mod £ inertial supercuspidal support 
different from (M, tt), then the projection (V (g) /C)^ of P <g> /C to Rep^G)^ 
vanishes, and therefore so does (V <S> /C)^. It follows that (P ® /C) vv has a direct 
sum decomposition in which each summand lies in some block of Rcp-^(G) cor- 
responding to an inertial supercuspidal support whose mod £ reduction is ( Af , tt) . 
Similarly, {V' Cg)/C) vv has a direct summand decomposition in which each summand 
lies in some block of Rcp-^(G) corresponding to an inertial supercuspidal support 
whose mod £ reduction is (A/',7r'). 

Thus, if the mod £ inertial supercuspidal supports of (Af, tt) and (Af', 7r')} differ, 
then no summand of ('P€DAC) VV lies in the same block as any summand of (V '<g)/C) vv , 
and the result follows. □ 

Corollary 10.7. Every simple subquotient of I(m,-k) has mod £ inertial supercusp- 
idal support equal to that of (Af , tt) . 

Proof. Let II be a simple subquotient of I[m,-k)i with mod £ inertial supercuspidal 
support (M',tt'). Then II embeds in I(m',-k')'i as the- latter is injective we obtain 
a nonzero map I(m.tt) ^ I(M'.tt')- The preceding proposition now implies that 
(M',71"')} has the same mod £ inertial supercuspidal support as (M,tt). □ 

An immediate corollary is the "Bernstein decomposition" for Kcp w ^ (G). Let 
M be a Levi subgroup of G, and let tt be an irreducible supercuspidal represen- 
tation of Af over k. If II is a simple smooth W (k)[G]-modu\e with mod £ iner- 
tial supercuspidal support given by (Af, tt), then the mod £ cuspidal support of II 
falls into one of finitely many possibile mod £ inertial equivalence classes. Choose 
representatives (Mj,TTj) for these inertial equivalence classes, and let /[m,tt] = 
I(Mi,ni) © ' ' ' ® I(M r ,ir r )- Then every simple subquotient of I\m,tt] has mod £ inertial 
supercuspidal support (M,tt). On the other hand, any simple smooth M^(fc)[G]- 
module tt with mod £ inertial supercuspidal support (Af , tt) has mod £ inertial 
cuspidal support (Mj,TTj) for some j, and hence embeds in I(m -,■*■) (and thus also 
in I[M,*]-) 

On the other hand, if II is a simple smooth ^(fcjfGJ-module whose mod £ iner- 
tial supercuspidal support is not in the inertial equivalence class (A/, tt), then there 
is an infinite collection of possible inertial equivalence classes into which the mod 
I inertial cuspidal support of II could fall. If we let I^ M —■, denote the direct sum 
of I(m'.tt') as (M 1 ' ,tt') runs over a set of representatives for the inertial equivalence 
classes of pairs (M', tt') over k whose supercuspidal support is not in the inertial 
equivalence class ( Af , tt) , then no subquotient of I, M ^ has mod £ inertial supercus- 
pidal support equal to (M, tt), and every simple object of Rep^( fe \(G) whose mod 
£ inertial supercuspidal support is not equivalent to (A/, tt) is a subobject of I^ M . 

Theorem 10.8. The full subcategory Hep w r k \ {G)\m,-k] of Rep^( fc ) (G) consisting 
of smooth W (k)[G]-modules II such that every simple subquotient of II has mod £ 
inertial supercuspidal support given by (M,tt) is a block ofKep w ^(G). Moreover, 
every element o/Rep^j-.) (G)[M,ir] has a resolution by direct sums of copies of I[m,it]- 

Proof. This is immediate from the above discussion and Proposition 12.41 □ 

Our first application of this Bernstein decomposition will be to establish Bern- 
stein's second adjointness for smooth W(k) [G]-modules. This will allow us, at last, 
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to conclude that the modules V(m,it) are projective. We follow the argument in the 
lecture notes by Bernstein- Rumelhart |BR| , adapting it as necessary so that it will 
work in Rep W ( k \(G). 

Definition 10.9. Let P = MU be a parabolic subgroup of G, let K be a compact 
open subgroup of G that is decomposed with respect to P, and let A be a totally 
positive central element of M. Let T\ be the element of H(G,K,1) given by 
T + (Ik m \k m )- A smooth -module II is K, P-stable, with constant Ckpx, 

if there exists a positive integer ck.p.x such that II A splits as a direct sum: 

n A ' = n A '[T™]©n^ A _ invcrt , 

where IL K [T% K ' P ' X ] is the M / (fc)-submodule of U K consisting of elements killed by 
r^ R P A , and Ily _ invort is the maximal W / (fc)-submodule of II A on which [A] is 
invertible. 

The key to establishing Bcrstcin's second adjointness will be proving that for 
every pair K, P, and every supercuspidal inertial equivalence class (L, n), all objects 
of Rep W /( fc )(G)[£. 7r ] are K, P-stable. We first make a few observations: 

Lemma 10.10. Let U be a smooth K, P-stable W(k)[G]-module. Then II V is also 
K, P-stable. 

Proof. We have 

(nV) K ^ (rF) V ^ u K [T o K , P , r e [n ^_ invert ]V. 

the result follows immediately. □ 

Lemma 10.11. Finite direct sums of K, P-stable modules are P-stable. Infinite 
direct sums of modules which are K, P-stable with a uniform constant ck,p.x are 
K -stable. Kernels and cokernels of maps of K, P-stable modules are K, P-stable. 

Lemma 10.12. LetH be a smooth W(k)[G]-module. Then the natural projection: 

IL K -> (ILu) Km 

identifies (Uu) Km with U K ®w(k)[T x ] WMPaj^a" 1 ]- In particular, if II is K,P- 
stable, then the map H K — > (Tlu) is surjective, and one has a direct sum decom- 
position: 

This decomposition is independent of X. 

Proof. We make (Hu) Km into a W(k)[T\]-modvle by letting T\ act on (II u ) Km via 
A. It is then clear that the map 

n A ' (ILu) Km 

is Tx-equivariant. It thus suffices to show that every element of the kernel of this 
map is killed by a power of T\, and that, for every element x of (Hu) •> X m x is 
in the image of this map for some sufficiently large m. 

For the first claim, let be the idempotent projector onto the K + invariants 
of a JT-module. As K = K~ KmK + , we have en = SK+ e K M e i<- ■ F° r each m, we 
have 

e K \ m e K = e K +e KM e K -X m e K 
= e K +A CK M ex-m K -xmeK A eA^K+A-e/f. 
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(Here we have used that A is positive.) Now if x is an element of H K that maps to 
zero in Ilu, then e_R-i = x, and there exists a compact open subgroup U\ of U such 
that e\j x x = 0. But as A is strictly positive, there exists an m such that X~ rn K + X m 
contains U\. Thus x is killed by e\-™-K+\ m an d fixed by e^-. Then x is killed by 
exA m eif , as required. 

As for the second claim, let x be a lift of x to H Km . There is a compact open 
subgroup K' of G that fixes a;; then x is in particular invariant under K' C\U° . As 
A is strictly positive, there exists an m such that A m i is invariant under K~ . Thus 

Am ~ \ i r i ~ \ y r i — 

a; = e K +eK M ex- A a; = ej{A x, 

so e^-+A m i lies in Ii K . As acts trivially on Yljj (because K + is contained in 
U), e K Jr\ m x maps to X m x under the map 

as required. 

Finally, if II is K, P-stable, then IT^ surjects onto U K ® W (k)[T x W(k)[T\, I\ -1 ]; 
this surjection identifies (Hjj) Km with the maximal IVdivisible submodule of II 
and thus yields the asserted direct sum decomposition. To see that this decom- 
position is independent of A, choose another strictly positive element A'. Then 
the maximal T\y -divisible submodule of II A is contained in both the maximal In- 
divisible submodule and the maximal TV-divisible submodule; since projection onto 
(Hu) ICm is an isomorphism on each of these submodules they must all coincide. □ 

Lemma 10.13. Let R be a commutative Noetherian W(k)-algebra, and let II be 
an admissible R[G]-module. Suppose that r^II is also admissible. Then II is K,P- 
stable. 

Proof. As rgn is a twist of Hu, the hypotheses imply that II^ and (Hu) Km are 
finitely generated P-modules. On the other hand, we have an isomorphism 

(Iby) A " =11* ® R[Tx] R[T X ,T^}. 

The result is now an immediate consequence of [BR], Lemma 33. □ 

Corollary 10.14. For any Levi subgroup L of G, and any irreducible cuspidal 
representation ir of L over k, the modules P(m,tt) an d I(M,n) are K, P-stable. 

Proof. For VfM,n)j the result follows from the previous lemma, together with Theo- 
rem [53] We also have the result for P[m,tt]j as this is a finite direct sum of modules 
I{m,tv) — ^(A/,7r v )> we a ^ S0 nave the result for I(m,it)> an d hence also 
for J [Af>] . □ 

Proposition 10.15. For any Levi subgroup L of G, and any irreducible supercus- 
pidal k -representation tt of L, every object of Rep^^j (G)[£ i7r ] is K, P-stable. 

Proof. Any object of Kep w ^ (G)[l. w j has a resolution by direct sums of I[L,n]- 
These are K, P-stable, so the result follows from the fact that kernels of maps of 
K, P-stable modules are K, P-stable. □ 

It follows that for any object II of Rep^^G) the map LT A ' — > (TLu) is 
surjective. 
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Proposition 10.16. Let II be an object of Rep^^G)^^]. There is a canonical 
isomorphism: 

r P G U- = { r P G °ny. 

Proof. We follow the proof of [B], Theorem 2. First note that rQU v is a twist 
of (n v )[/ by our (fixed) square root of the modulus character of P, and r G H is a 
twist of Hjj by a square root of the modulus character of P° . As these two mod- 
ulus characters are inverses of each other, it suffices to construct an isomorphism 
(ILyo) v (n v ),7 of W(fc)[M]-modules. 

For each K that is decomposed with respect to P, we have an isomorphism: 

(n A ') v -+ {n v ) K 

coming from a perfect pairing II x (Ii v ) K — > K,/W(k). Under this pairing, the 
adjoint of T\ is T x -i. If we take A to be strictly positive with respect to P, then 
A -1 is strictly positive with respect to P°. Moreover, IT is both [K , P)-stable and 
(K, P°)-stable. In particular, (Hu°) Km is isomorphic to the maximal T x -i -divisible 
submodulc of T1 K , and ((H v )ij) Km is isomorphic to the maximal TA-divisible sub- 
module of (U V ) K . Moreover, under these identifications (Hu°) Km and ((IV / )u) Km 
are direct summands of T1 K and (H V ) K , respectively. The pairing on the latter 
thus descends to a perfect pairing: 

{u V o) K " x ((n v ) £/ ) K « -». K/w{k). 

By [B], Lemma 1, we can find a K decomposed with respect to P inside any compact 
open subgroup of G. Taking the limit over a cofinal system of such K gives the 
desired perfect pairing 

lv x (n v ) [/ -> JC/WQs), 
and hence the desired identification of (n v );y with (IT[/o) v . □ 

Theorem 10.17 (Bernstein's second adjointness). Let Hi and n 2 be objects of 
Repw( fe )(Af) and Rep^^) (G)[i j7r ] , respectively. Then there is a canonical isomor- 
phism: 

Hom w{k}[G] (i < fU 1 ,U 2 ) = Hom V y (fe)[M] (ni,rQ n 2 ). 

Proof. We follow the argument of the "claim" after Theorem 20 of |BRj . We first 
establish the case in which II2 = (n 2 ) v for some H' 2 in Rep w ^ (G)[x l7r v] . We then 
have a sequence of functorial isomorphisms: 

Horn iy( fc) [ M ] (IT, r£ n 2 ) = Hom M /( fc )[ A/] (rii, (rQn' 2 ) v ) 

= Uom w{k)[M] (r G U' 2l ]t() 

= Hom H / (fe)[G] (n' 2 ,i^n i ') 

<* Hom w(fc)[G] (n 2) (^n 1 ) v ) 

= Hom W (fc)[G](ipni,n 2 ) 

In particular the result holds for n 2 = I[l,iv]- R IR is finitely generated, then the 
functors Hom M ^( fc )[ G ](ipIIi, —) and Hom W ( t p f ] (ITi, r G — ) commute with arbitrary 
direct sums, so the result holds for IR finitely generated and n 2 an arbitrary direct 
sum of copies of I[l,tt] ■ As any ni is the limit of its finitely generated submodulcs, 
the result holds for an arbitrary ni , when n 2 is an arbitrary direct sum of copies 
of I[l.tt]- Finally, we can resolve an arbitrary n 2 by direct sums of copies of I\l,tt]i 
and the result then follows for all IR, n 2 . □ 
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Corollary 10.18. The representations V\l,-k] « r e projective and small. 

Proof. It suffices to show that each VtM,w')i with ir irreducible and cuspidal over 
K is projective and small, as V[l,-w] is a finite direct sum of representations of this 
form. For a suitable sequence of types (ifj,Tj), we have 

P(M,7T') = ip'PKun ® • • • ® V Kt ,t t - 

For each i the representation Via n is projective and small (as Tj is the compact 
induction of a finite-length W(A:)-modulc). Thus the tensor product IT of the Via^i 
is projective and small when considered as a VF(fc)[M]-modulc. We have shown that 
V(M,tt') lies in Rep w , (fe) (G)[ L , 7r] . 

Fix a smooth representation II' of G, and let IIj L , be the direct summand of 
IT' that lies in Rep^^G)^.^]. Then 

Hom ly(fc)[G] (7' (M , x / ) ,n / ) = Hom W(fc)[G ](7'(M,7r') I n [L,7r]) 

- Hom w/(fc)[M](n,r£°n[ Li7r] ) 

As Tq commutes with direct sums it is easy to see this implies Vim,-*') is small; 
projectivity of V^iy) follows from exactness of . □ 

Corollary 10.19. The Bernstein center ^ of Rjep W / k \(G)[i, t7Z ] is isomorphic 
to the center o/End w/(fe)[G ](7 , [ L , 7r ]). 

Proof. Every simple object of Rep^^-j (G) \l,tt] is a quotient of "P(m,7t') f° r some pair 
(M, 7r') with inertial supercuspidal support (L,7r), and hence such an object is a 
quotient ofV[L t7r ]- It follows that V[l.it] is faithfully projective in Kep w ^(G)[i,^], 
and the result follows immediately. □ 

11. Computation of the Bernstein Center 
In this section we compute the center of Endy^^^iV^ )7r i). 

Proposition 11.1. There is a natural isomorphism: 

A[L,n] ®IC= [ A M ,%, 
(AT,*) 

where (M, tt) runs over inertial equivalence classes of pairs in which M is a Levi 
subgroup of G and tt is a cuspidal representation of M over K. whose mod £ inertial 
supercuspidal support equals (L,it). This isomorphism is uniquely characterised by 
the property that for any II in Rcp-^(G), and any x in A| ljr ], the action of x on IT 
coincides with that of its image in Y[(m fr) Aw,*- 

Proof. The module V defined by V = c-Ind^i W(k), where {e} is the trivial sub- 
group of G, is a faithfully projective module in Kcp w ^(G). We have V ® tC = 

c-Indr e i JC; in particular V®K, is faithfully projective in Rcp-^(G). As V is ^-torsion 
free, we have an injection: 

End w{k)[G] (V) -> End w{k)[G] (V) ®lC S End^ [G] (^ ® K). 

In particular we have an isomorphism: 

Z{End w[k)[G] {V)) <g>£ ^ Z(End nG] (V ® £)). 
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Multiplying both sides by the central idem/potent £[l,tt] gives us the desired isomor- 
phism. This isomorphism is equi variant for the actions of both sides on V ®KL, and 
hence for all objects of Rep^(G) . □ 

This isomorphism identifies -A[l.7t] with the W(fc)-subalgebra of 0(m a) Am,tt 
consisting of tuples (xm,tt) such that the action of (im,j) on P[l,tt] /C preserves 
V[l,tt]- As we have a direct sum decomposition: 

M',w' 

where (M',ir') runs over the inertial equivalence classes of pairs in which M' is 
a Levi subgroup of G, n' is an irreducible cuspidal representation of M' over k, 
and the supercuspidal support of (M',n') is {L,tt). It is clear that any central 
endomorphism of V[l,-k] preserves this direct sum decomposition. We thus have: 

Lemma 11.2. A tuple (xm.k) preserves 'P[L l7r ] inside P[l,tt] ® K, if, and only if, 
it preserves Vim' w') inside V^m 1 -k 1 ) ® f or a ^ {M f , n') with supercuspidal support 

(L,7r). 

For a fixed (M',ir'), let B(m',tt') be the W(fc)-subalgebra of I1(m #) -^m,* con- 
sisting of tuples (imi) that preserve V(m* y) in V^m'.tt') <8> /C- 

Lemma 11.3. Let P be a parabolic subgroup of G, with Levi subgroup M, and let 
II fc a smooth W (k)[M]-module that is i-torsion free. Then the natural map: 

En d M / (fc )[j 1 /](n) -> Emi w{k)[M] (i ( fU) 

is infective. Moreover, if f is an element of End^/^)^] (ipll) such that £ a f is in 
the image of this map for some a, then f is also in the image of this map. 

Proof. Let g be an element of Endw (k)[M] (n). Then g fits in a commutative dia- 
gram: 

rgi^n n 
I I 

rf<i$n -> n 

in which the horizontal arrows are the natural maps (and are therefore surjective), 
and the vertical arrows are r^ipg and g, respectively. The surjectivity of the 
horizontal maps shows we can recover g from r^ipg, proving the first claim. As 
for the second, suppose that £ a f = i'fg for some g. Then the the image of r^i^g is 
contained in £ a rQipH and the above diagram shows that the image of g is contained 
in £ a H. As II is £-torsion free it follows that g is (uniquely) divisible by £ a in 
End W /(fc)[A/j (II); that is, g = £ a g'. Then we have / = i%g' ■ □ 

Recall that by definition, V(Mt y\ = ip ®i V^Ki^n) f° r a suitable sequence of 
maximal distinguished cuspidal types (Ki,Ti). 

Lemma 11.4. Let (xm,*) be an element of Br^' ,w')- Let f be the induced endo- 
morphism ofVM',w'- Then f arises by applying ip to a (unique) endomorphism of 

Proof. This is immediate from Lemma Til. 31 and Proposition 19. 31 □ 

We denote by Eim',^') the tensor product i?R- i:Ti ; the lemma above realizes 
B(M' ,7r') as a subalgebra of -E(j\/',7r')- 
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Proposition 11.5. The image of -B(M',7r') in ^^w(k)[G] (V(M',n')) is isomorphic 
to the subalgebra of Ek^^ consisting of endomorphisms f such that: 

(1) For any sequence s = {si, . . . , s r }, such that for each i, <Ji is the cuspidal 
representation attached to the i-regular part of Sj, the action of f on 
{J-'m i ,tt')s is given by an element xg of AMg^g- 

(2) For any pair si , S2 , such that {Mg 1 , ng 1 ) is inertially equivalent to (Mg 2 , 7r^ 2 ) , 
we have xg 1 = xg 2 . 

Proof. Fix (xm.tt) in -E>(m'.tt'); we have shown that any such element arises by 
parabolic induction from a unique element / of Ejc iyTi . The action of ipf on 
'P(m.tt) coincides with that of (im,*); in particular the action of / on [Vm,%)s 
coincides with xm s ,-k s - It is thus clear that (1) and (2) hold for /. 

Conversely, given an / satisfying (1) and (2), define an element (xm,-k) of B(m',-k') 
by setting Xm,% = %s for any s such that {Mg, ng) is inertially equivalent to (M, tt). 
Such an endomorphism of Vm,tt ® K> clearly preserves Vm,tt, as its action on Pm^/C 
coincides with that oiipf. □ 

In principle this proposition gives a precise description of Aixj, although one 
that is too cumbersome for practical applications. In order to produce a more use- 
ful description of A[x, )7r i, we must be more explicit about the maps from Bim',-k') 
to AM s ,TT g for various s. We will normalize these maps by making a choice of a 
compatible system of cuspidals as in the disscussion preceding Theorem 17.31 for 
each tower of maximal distinguished cuspidal fc-types attached to a maximal dis- 
tingushed cuspidal type as in section [71 

We can make these choices systematically for all i as follows: for each j, and 
each inertial equivalence class of supercuspidal representations of GLj(F) over k, 
we choose: 

(1) a representative II in this inertial equivalence class, 

(2) a maximal distinguished cuspidal fc-type (Ki^u, T i,n) contained in II, of the 
form Ki t n <E> eri,n 

(3) an ^-regular element s^ n of a suitable G^n that gives rise to the supercus- 
pidal representation eri n 

(4) a lift 7ri,n of LI to an absolutely irreducible supercuspidal representation of 
GLj(F) over /C, containing the type (ifi,n, £i,n ® St^ ). 

Attached to these choices we have the sequence of cuspidal fc-types (K m ji, i" m ,n), 
and a compatible system of cuspidals 7r Si n for all m and all s such that s reg = 
( s i n) m - We may assume that for each i, the fc-type (Ki,Ti) is equal to the type 
(K mi ^u, T mi ,n) for some raj and IT. For any s, we take irg to be the tensor product 
of the representations Tr Sit n i - By construction, irg is invariant under the action of 

W M g{7Tg). 

Proposition (together with the construction preceding it) then gives, for each 
s, maps: 

<j>s- §§E KiiTi ^JZ[Zg] 

i 

A Mg ^ = K[Zg] w ^\ 

These maps have the property that an element / in ®iEK uTi acts on (Vm,tt)s by 
an element x of the Bernstein center if, and only if, the image of / and x in fC[Zg] 
agree. 
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From this point of view, an / in <8)i-Eif ilTi satisfies condition (1) of Proposi- 
tion [1L5] if , and only if, for all sequences s, <fig(f) lies in IC[Zg] WM ^ s \ 

Condition (2) of Proposition ll 1 .51 can also be reformulated in this way, though it 
is more awkward to do so. We first observe that if we have si and s*2 such that the 
pairs (AIg 1 ,ng 1 ) and (Mg 2 ,ng 2 ) are inertially equivalent, then exists a w £ W(G) 
such that wMg 1 w~ 1 = Mg 2 , and = Trg 2 . 

Suppose we have si, S2, and w as in the lemma. Then Am 3i ,tt 3i is canonically 
isomorphic to Am s ,tt s ■ Then conjugation by w takes Zg 1 to Zg 2 and Wjj^ (n^) 
to Wjj^ (irg 2 ) . We then have a commutative diagram: 

AM gl ,ir gl ~> l^yZsA 31 

I I 
AMg 2 ,itg 2 -> l^[Zg 2 \ s 2 

where the left-hand vertical map is the natural isomorphism and the right-hand 
vertical map, which we denote by ip w , is induced by conjugation by w. 

An / in ®iEK uTi satisfies conditions (1) and (2) of Proposition [TT3] if, and only 
if, for all triples s\,S2,w as in the lemma, we have (f>g 1 (/) = ip w ((j)g 2 (/)). (Condition 
(1) follows from looking at those triples with si = s*2, for example.) 

This description allows us to obtain a natural tensor factorization of Bm'.k 1 - 
For each representative II of a given inertial equivalence class of supercuspidal 
representations we have chosen, let M'(II) be the product of the blocks of M' 
corresponding to those i for which the type (Ki, r,) = (i^m^rr, T mil Ui) satisfies ITj 
1 1 . n. Let 7r'(II) be the tensor product of those tensor factors of ir' corresponding 
to blocks of M'(II). Then we have 

M' = IJM'(IT), 
n 

7r' = (g)7r'(n) 
n 

Em',-k' = Eu'(n),n'{n)- 
n 

Moreover, if for each s, we let s(II) be the subsequence consisting of those Si 
for which (Ki,Ti) has underlying supercuspidal representation II, then we obtain 
factorizations: 

Mg=l[M m , 
n 




and the map: 4>g of Em'.tt' into K\Zg\ then factors as a tensor product: 

<t>s = (^) 0s(n) : ^Af'(n),7r'(n) fc[Zg(n)]- 
n 

For each tuple (si, S2,w), the map i\) w takes the tensor factor /C^^m)] of 
to the factor K[Zg 2 m\] of K[Zg 2 ]. It is then immediate that we have: 
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Proposition 11.6. The natural isomorphism: 

Em>,k' — (££)-EM'(n),7r'(n) 
n 

restricts to an isomorphism: 

Bm',17 1 — (^) SiW'(n),ir'(n)- 
n 

Note that for each 74), we have a distinguished subalgcbra Cft- iiTi of Ex i Ti . 
The tensor product of these subalgebras is a subalgcbra of Em* y ■ Let Cm',tt> be 
the intersection in Em',w' of Bm',tt' with (§5^(7^. Ti . It is clear that each Cm'.tt' 
factors as the tensor product over II of Cj\f'(n),7r'(n)- 

The algebra Cjif'(n),7r'(n) can be made very explicit. Write 

-EW'(n),7r'(n) = 0Sx m . niTm . in . 

The subalgebra C^.^.^^n °f ^mj.n^.n is generated by 0i, mj , . . . , Q mi , mi , 
together with 0~* m . . Let m be the sum of the m, , and define elements 0i , . . . , m 
of ® 4 E Km . 

,n,T m .,n oy setting 

J * 

where j runs over sequences {ji} such that 1 < ji < mi for all i and the sum of the 
ji is equal to m. 

Proposition 11.7. The algebra CV'(n),7r'(n) * s generated by 0i, . . . , m , together 
with 0~ . 

Proof. We first verify that the elements Ox, ... , m he in Bj^i (n),ir'(n)- For each s, 
define 

4 

by the formula: 

#r,s = ^ #j«,Sij 
J 1 

where j runs over sequences {j,} such that 1 < ji < rrii for all i, and the sum of the 
diji is equal to m, where di is the degree of F q (sj) over F 9 (s' 1 n ). It is clear from 
Theorem 17.31 that the map 

<f>s(n) : (£) 1 « - 1: ~> £[£r] 

i 

takes r to r .^. Furthermore, 9 r ^gis invariant under Wjj_ n ^_ n y Finally, observe 
that if w is an element of W(G) that conjugates ( r n \ , ng 1 (II)) to (Mg 2 (II), irg 2 (II)), 
then = w9 r ^ 2 w~ l . It follows that the r lie in Cj^m) ,7r'(n) as claimed. 

Conversely, note that if we define s by setting Sj = (s' in ) m ', then the tensor 
product of the Cx m . n ,T m . n injects into K,[Zg\, and the W^g-_(7r^)-invariant subalge- 
bra of K.[Zg\ is generated by the images of the 0^ and O^, 1 . In particular, the only 
elements of the tensor product of the CK m . n ,r m .,n that can lie in B M ,^j) :7r '{n) are 
those in the subalgebra generated by the ©i and 0^. □ 
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We record the following by-product of the proof of the above proposition: 

Proposition 11.8. Let s be the sequence obtained by setting s» = (s'j n ) mi . Then 
The map 

identifies C M >,n> with W {k)[Z 3 ] Wti s {3) . 

Theorem 11.9. The algebra Bm',it' is a finitely generated Cm' y -module. 

Proof. It suffices to show this for each -BAf(n).ir'(n) over CA/'(n).ir'(n)- More- 
over, it is clear that the tensor product <8>iCif m . n , Tm . n is finitely generated over 
CA/'(n).7r'(n)- and that ®iEx mi u -r mi n i s finitely generated over this tensor product. 
It follows that ®iEx m . n ,r m . n i s finitely generated over Cm 1 (n),7r'(n); as B M i (n),7r'(n) 
is a CA/'(n).ir'(n) _su b m odulc of ®iEK m . n .r m . m the result follows. □ 

To go further, we must introduce a partial order on the incrtial equivalence classes 
of pairs (M ', 7r') of irreducible cuspidal representations tt' of M' over k with incrtial 
supercuspidal support (L, tt). We do this by extending the partial order defined in 
section [7] Attached to (M',ir') we have a collection of types (K mit Ui,T mit Ui)- 
Define an "elementary operation" on such a collection to be the act of replacing a 
single type {K m ^n,,T mi ^ ni ) with j = copies of the type {K m ^ n .,T m ^ n .), where 
toJ immediately precedes mi. This new collection gives rise to a new pair (M", n"), 
with M" contained (up to conjugacy) in M' . We say that (M", tt") ^ (M\ tt'), if we 
can obtain (M",7r") from (M',tt') by a sequence of such "elementary operations." 
Note that if (M",tt") < (M',tt'), then tt' is inertially equivalent to the unique 
cuspidal Jordan- Holder constituent of the parabolic induction of tt" to M', and 
conversely; this gives an alternative characterization of the partial order. 

There is thus, up to incrtial equivalence, a unique maximal pair (Afm ax , ^ax) 
among the pairs (M' , tt') with supercuspidal support (L, tt). Morally, (M^ ax , Tr' mlLX ) 
is the inertial equivalence class that is "farthest from supercuspidal." 

Proposition 11.10. Let (xg) be an element ofY\ s AM s ,-n s that preserves Vmi,-k[ in 
^MiXj®^- Then (xm,s) preserves Vm 2 ,tt' 2 inVuiy^®^- for all (M 2 ,tt' 2 ) -< (Mi,tt[). 

Proof. It suffices to establish this when one can obtain (M 2 , tt' 2 ) from (M[ , tt[) by a 
single "elementary operation" of the kind described above. Our tensor factorization 
allows us to reduce to the case where the type attached to (M{,7rJ) is a tensor 
product of {K mi n,T mi ji) for a single fixed II, and i = l,...,r, and the type 
attached to {M 2 , tt' 2 ) is obtained by replacing {K mT ji, Tm r ,n) with a tensor product 
of j copies of {K m i ji,T m i ji), where to' immediately precedes m r . 
Theorem 17. 131 then gives us a map: 

fm ■ E Kmr ,a,r mT ,u ~> E< K m ,^T m , tTl 

and we extend this by taking tensor products to a map: 

The compatibility properties of f m , together with our description of Bm 1 ,-k , 1 ^ shows 
that this map takes Bm 1 .tt i 1 to B^y, and the result follows. □ 

Corollary 11.11. The map A^ L y — > £?Af max ,7r max giving the action of A< L y on 
^ , M max ,7r max is an isomorphism. 
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In particular the embedding of GW max) 7r max hi -B(A/ max ,7r max ) yields an embedding 
of CM max ,7r max in .A[x.7r]- When embedded in this way we write C[L j7r ] for the image 
of C'M.nax.Tr.nax in -^[l,7t]- Note that C[L l7r ] is a subalgebra of -4[z,,ir] isomorphic to a 
polynomial ring over W(fc), and that ^4[l. t ] is a finitely generated C^^-modulc. 

We make the following observations about the subalgebra fl^ j of j7r i: 

Proposition 11.12. The action of Cn,^ on Vm',-k' identifies C[l,7t] with Cm 1 
for all pairs (M',%') with supercuspidal support (L,ii). 

Proof. The map f m of Theorem 17.131 takes the subalgebra CK m ,r m of Ex m ,r m to 
a subalgebra of Ef? / . Thus, the map -BM max ,ir max — > Bm'.tt' from Proposi- 
tion [TTTTU] maps C[i,7r] to Cm 1 .-k' ■ The resulting map from C^l,*-] to Cm'.it' can be 
seen to be an isomorphism by invoking Proposition 111 .81 □ 

Proposition ! 11.81 together with our tensor factorization of C\l w ] , gives an isomor- 
phism of C[l,7t] with W(k)[Zg] WM ^ , where s is obtained by setting s, = (s'j nj" 1 ' ■ 
For each s", we then have a map: 

We can describe the composed map explicitly on generators as follows: the algebra 
C[l,tt] is generated by elements of the form © ri ,rii (8 • • • 8) ©r u ,n„- The group Zg» 
decomposes as a product of the groups Z&mA as i varies. 

Proposition 11.13. The map 

C [LM ^W{k)[Z 3 ,] W ™^ ] 

takes the element rij rii ® ■ ■ ■ ® ©r„,n„ to the element: # rii s'(rii) ® ■ ■ ■ ® ^r„.s'(n u ) 
of W{k)[Zgi], where the latter is considered as the tensor product of the rings 
W(k)[Z ?m }. 

Proof. This is immediate from the tensor factorization, together with the calcula- 
tion in the proof of Proposition [TT77J □ 

The action of C^l.tt] on representations over k has a description similar to the 
description of action of the Bernstein center in characteristic zero. As in the charac- 
teristic zero theory, let ^(L) be the group of unramified characters of L, considered 
as an algebraic group over k, and let H be the subgroup of ^(L) consisting of 
characters \ such that it ® \ i s isomorphic to it. Let W(L,ir) be the subgroup of 
w G W(L) such that ir w is incrtially equivalent to it. 

Note that an unramified character x of L over k corresponds to a map f x : 
k[L/Lo\ — > k, and for any two such characters XjX'j we have it ® x hiertially 
equivalent to tt®x' if) an d only if the restrictions of f x and f x i to (k[L / Lo] h } Wl 
agree. 

Theorem 11.14. There is a natural isomorphism: 

C l ,k ® w(k) k^{k[L/L ] H ) w ^\ 

such that for any IT over k with supercuspidal support (L, it ® x); ^l,tt acts on II 
via the map f x : k[L/L ] — > k. (In particular, one can recover the supercuspidal 
support of II from the action of C^^.) 
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Proof. Define s 1 by s£ = (sjj .) mi for all i, where {K mu u it r TOil n 4 ) are the types 
giving rise to (M max , 7r max ). Then My is conjugate to L, and 7r§» is conjugate to an 
unramified twist of a lift tt of tt. In particular this conjugation takes Wm~, (tTs') to 
Wl(7t), and so we have an isomorphism of „._ with {K[L / Lq] h ) WlIjt \ Propo- 
sition [1L8] then shows that the composed map: 

A L ,* A M?iI , - ()C[L/L Q ] H ) W ^ 

identifies Cl,-k with (iy(/c)[L/Lo] ff ) M/l '^ 7r ' > - We normalize the second isomorphism 
via the pair (L, tt), so that, under this isomorphism, the action of Cl,tt on a represen- 
tation II = tt®x m the block corresponding to (Mgt,7Tg>) is via : W (k)[L / Lq] — > 
K. 

Let II be a lift of II to a representation over IC in the inertial equivalence class 
corresponding to (Mgr ,irg>); then there exists an unramified character x such that 
II = 7r (gi x- Then Cx jir acts on II via /•£, so it acts on II via / x . □ 

12. Corollaries 

Let L be a Levi subgroup of G and fix an irreducible supcrcuspidal representation 
tt of L over A:. We summarize several implications of section HT1 for ^4[L l7r ] below: 

Theorem 12.1. The ring j4[l,7t] is a finitely generated, reduced, i-torsion free 
W{k)-algebra. 

Proof. As A\x, n ] is a finitely generated C[£ j7r ]-module, and C[l^] is a polynomial 
ring over W(k), it is immediate that A[ L ^] is a finitely generated VL(fc)-algebra. 
The fact that Ai L ^ is £-torsion free follows from Ar L ^ C Endv^(fe)[G](^ , [L,7r]) and 
the fact that V[l, v ] is ^-torsion free. Reduccdness follows from the fact that A^^] 
embeds in A^ Lj7T ] ®w(k) and the latter is reduced by Proposition 1 1 1 . H □ 

Theorem 12.2. //LI and II' are irreducible representations of G over k that lie 
in Hcp w ^(G)[L tV ], and /n,/n' are the maps A[l^] ~> k giving the action of Al^ 
on II and II' respectively, then fn = fw if, and only if, II and H' have the same 
supcrcuspidal supports. 

Proof. Suppose first that LI and LI' both have supercuspidal support (L,tt') for some 
tt' inertially equivalent to tt. Let tt' be a lift of tt' to IC. Then both II and II' are 
subquotients of ipir. On the other hand the action of A\l,-k] on ipTT factors through 
^[£,71-1 <E> IC, and the latter acts on i^tt by scalars. It follows that any element of 
A[L,ir] acts on LI and II' by the same scalar. (Note that this direction uses nothing 
of our explicit computations from the previous section.) 

The converse is an immediate consequence of Theorem 111.141 of the previous 
section. □ 

Proposition 12.3. The faithfully projective module Vl.-k is an admissible Al^[G]- 
module. 

Proof. The module Vl.tt is a direct sum of modules Vm',<k') each of the latter is 
an admissible Em>,^' [G]-module by Theorem 19. II As Em<,k' is a finitely generated 
Gm', Tr'-module, Vm',ti' is also admissible over Cm'.-k'- Inside Al ^ we have C[i lir ], 
and the map Au, ^} — > ~End]y(k)[G] ("Pm',w') identifies C[x, )7r i with Cm',k'- Thus each 
Vw,-k> is admissible over Au, ^ and we are done. □ 
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Corollary 12.4. Let H be an object of Rep W ( fe ) {G)[l,-k] that is finitely generated 
as a W(k)[G]-module. Then II is an admissible A l,k[G\ -module. 

Proof. As V\l,w] is faithfully projective, there is a surjection of a direct sum of 
(possibly infinitely many) copies of V\l,it] onto II. Any element x of II is in the 
image of this surjection, and any element x that maps to x is nonzero only in 
finitely many copies of V[l,tt]- Thus if II is generated by finitely many elements, 
then there is a finite direct sum of copies of V[l,-k] whose image in II contains all 
the generators, and this direct sum surjects onto II. □ 
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